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ABSTRACT

Light condensation and localization in disordered photonic

media: theory and large scale ab initio simulations

László Dániel Tóth

Disordered photonics is the study of light in random media. In a disordered photonic

medium, multiple scattering of light and coherence, together with the fundamental

principle of reciprocity, produce a wide range of interesting phenomena, such as

enhanced backscattering and Anderson localization of light. They are also responsible

for the existence of modes in these random systems.

It is known that analogous processes to Bose-Einstein condensation can occur

in classical wave systems, too. Classical condensation has been studied in several

contexts in photonics: pulse formation in lasers, mode-locking theory and coherent

emission of disordered lasers. All these systems have the common theme of possessing

a large ensemble of waves or modes, together with nonlinearity, dispersion or gain.

In this work, we study light condensation and its connection with light localization

in a disordered, passive dielectric medium. We develop a theory for the modes inside

the disordered resonator, which combines the Feshbach projection technique with

spin-glass theory and statistical physics. In particular, starting from the Maxwell’s
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equations, we map the system to a spherical p-spin model with p = 2. The spins

are replaced by modes and the temperature is related to the fluctuations in the

environment. We study the equilibrium thermodynamics of the system in a general

framework and show that two distinct phases exist: a paramagnetic phase, where all the

modes are randomly oscillating and a condensed phase, where the energy condensates

on a single mode. The thermodynamic quantities can be explicitly interpreted and

can also be computed from the disorder-averaged time domain correlation function.

We launch an ab initio simulation campaign using our own code and the Shaheen

supercomputer to test the theoretical predictions. We construct photonic samples of

varying disorder and find computationally relevant ways to obtain the thermodynamic

quantities. We observe the phase transition and also link the condensation process to

the localization.

Our research could be a step towards the ultimate goal: to build a ”photonic mode

condenser”, which transforms a broadband spectrum to a narrow one - ideally, to a

single mode - with minimal energy loss, aided solely by disorder.
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Introduction and thesis objectives

Disordered photonic structures are all around us: clouds, biological tissues, photonic

patterns on animals and plants or white marble. They all have the common theme that

they multiply and strongly scatter light in a random fashion. Beyond the standard

light di↵usion picture, there are a wealth of interesting phenomena emerging from

these systems, including some of which still lack a firm theoretical footing.

Initially, the understanding of multiple scattering of light and interference e↵ects

in disordered materials were mostly driven from a fundamental research point of view,

inspired by surprising results from solid-state physics [8]. The discovery of coherent

backscattering of light, also known as the weak localization of light and Anderson- or

strong localization of photons have raised considerable attention and put this research

area on a new path. Eventually, some applications have started to emerge from these

advancements in theory, for example in medical imaging [48].

However, on the practical side, for a long time the main motivation to study

disorder was to avoid it and to suppress its e↵ects as much as possible. Multiple

scattering, created by, for example, material imperfections, is particularly undesirable

in many photonic applications. Clear examples are photonic crystals. A photonic

crystal [43] is a material which possesses spatial periodicity in its index of refraction

on the order of the wavelength of light, and it has been much celebrated because

it o↵ers a wide range of applications based on its band gap property. Despite the
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tremendous advances in the techniques to fabricate these structures, some amount of

disorder is always present in real samples. Unfortunately, photonic crystals can be

extremely sensitive to structural disorder, even to the point where they completely

lose their functionalities and this is one of the main reasons why their full potential

has not been realized yet. Random scattering can also be detrimental in classical

optics and imaging. For example, when light enters into fog or dusty air, it scatters

many times by wavelength-scale inhomogeneities and this causes a complete blur of

the image in our eye or in an imaging device. This principle makes a wide range of

observations (astronomical, medical) cumbersome.

Still, in recent years, a new paradigm has appeared, namely to exploit disorder

for certain applications, rather than avoiding it. Interestingly, both of the above

mentioned fields adopted this paradigm. In photonic crystals, introducing disorder in

a controlled manner can lead to advantageous new properties (in analogy with dopants

in semiconductors) [4, 14, 34]. It was also shown that disordered photonic materials

can be engineered while still possessing a wide and complete band gap [32], favoring

applications where a rotational symmetry is important. In the field of imaging, it was

also demonstrated that a disordered medium is not necessarily a barrier to overcome:

multiple light scattering in a turbid medium can be used for disorder-assisted focusing

[75] and to overcome the di↵raction limit in a conventional imaging system [17].

The work presented here aligns with this paradigm. On the fundamental level,

we connect the study of disordered photonics and light localization to light-mode

condensation. Although the notion of condensation in modern physics is traditionally

linked to an intrinsically quantum phenomenon called Bose-Einstein condensation, it

was shown both theoretically [47, 46, 25, 18] and experimentally [68] that analogous

processes can occur in classical nonlinear wave systems, too. In this context, the

general requirements are: a large, random ensemble of waves, so statistical arguments
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apply and nonlinear interaction between the modes. The condensation - a formation

of a large-scale coherent structure - manifests itself in the long-time evolution of a

nonintegrable Hamiltonian, only in k-space.

Condensation was also investigated for mode-locking in lasers. By formulating the

problem as a statistical mechanical theory, it was shown that both passive [36, 37]

and active mode-locking [38, 78] can be interpreted as a first order phase transition in

the light-mode dynamics. An interesting analogy with Bose-Einstein condensation

was also established.

In this work, we study general disordered photonic resonators without additional

nonlinearity or gain medium and we show that light condensation and a phase transition

can still occur in the mode dynamics, aided solely by disorder. We develop a theory

which starts from the generic Maxwell’s equations and rigorously reduces the problem

to a spherical p-spin model with p = 2 (this is a simple model of a spin glass and is

exactly solvable, while still possessing some interesting features characteristic to spin

glasses.). The e↵ective temperature takes the role of the noise from the environment.

We study the equilibrium dynamics in a statistical framework and show that the system

has two distinct phases: a paramagnetic phase, where all the modes are randomly

oscillating and have equal energy on average, and a condensed phase, where the

energy condensates on a single mode. The phase transition occurs at a specific critical

temperature, below which the energy of the condensed mode grows linearly. The

theory gives explicit interpretation of all the thermodynamic quantities and it is also

shown that they can be e�ciently calculated from the disorder-averaged correlation

function of the modes. Interestingly, this condensation does not only manifest itself in

Fourier space, but is also visible in real space through light localization.

We launch a large-scale ab initio simulation campaign to test the predictions of

the theory. We use our on parallel code [1] which is designed to scale up to hundreds
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of thousands of processors, therefore makes it possible to perform the simulations on

the Shaheen supercomputer (altogether, this campaign used up to 5 million single

core hours). We design large disordered photonic crystal samples, characterize them

in terms of localization and measure the thermodynamic quantities and the phase

transition. Therefore, we are able to relate the condensation process to the amount of

localization we have in the system.

The structure of the Thesis is the following. In Chapter I., we review relevant

subjects necessary to understand and position the rest of the work. This summary aims

to discuss the state-of-the-art results from the literature while being self-contained and

also giving insight into the chronological evolution of the topics. In Chapter II., our

theoretical investigations on light condensation are presented. The most important

equations are highlighted. In Chapter III, we give a summary on the numerical

methods and show the results of the simulations. Finally, in Chapter IV., we conclude

and discuss the possible directions for future research.



Chapter I

Background: light localization and

condensation in classical systems

I.1 Anderson localization of light

Anderson localization began as a prediction about electron di↵usion in imperfect

crystals. Confronted by experiments unexplainable by the conventional di↵usion

picture - anomalously long relaxation times of electron spins in doped semiconductors

-, Philip W. Anderson showed in a seminal paper in 1958 [8] that beyond a critical

amount of crystal impurity, electron di↵usion can come to a complete halt and

conductivity can vanish. Later in 1977, Anderson, John van Vleck (his thesis advisor)

and Nevil Mott shared the Nobel Prize in physics ”for their fundamental theoretical

investigations of the electronic structure of magnetic and disordered systems”.

The complex physics behind it has set many initial challenges and disputes, some

of them which still remain to be explained until today. For a detailed discussion, the

reader is referred to excellent books [64, 5]. A great advancement in the understanding

came in 1979 when E. Abrahams, Anderson, D. Liccciardello and T. V. Ramakrishnan
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published the scaling theory of localization [2]. The theory predicts that close to

the mobility edge (the energy separating localized and non-localized states in the

conduction or valence bands), the conductivity of a material and the di↵usion constant

is size dependent. Interestingly, the theory puts forward an single important scaling

parameter: the dimensionless conductance g which is defined as g = ⌧Th/⌧H where ⌧Th

(Thouless time) is the time it takes for a conducting electron to reach the boundary

through its multiply scattered motion and ⌧H (Heisenberg time) is the longest time

the electron can travel without visiting the same place twice. States are localized if

g < 1 (i.e. the wave is unable to reach the boundary) and this criterion turned out to

have universal validity. This is also consistent with the so-called Io↵e-Regel criterion,

which predicts that the metal-insulator transition occurs when kl⇤ ⇡ 1 where k is the

wavenumber and l⇤ is the mean free path (MFP). Intuitively, this asserts that the

wave cannot even perform one oscillation before it is scattered again.

Interference of waves and the development of the Anderson localization of

light

On the experimental side, it was extremely challenging for electron localization to be

precisely measured and to confirm the scaling theory. This was mainly due to the

inescapable presence of electron-electron interactions and electron-phonon scattering

in real materials. In the mid-1980s, however, researchers realized that localization is

essentially an interference e↵ect between the multiple scatterings of waves caused by

the random defects and started to seriously consider the idea that a similar localization

phenomenon should be anticipated with electromagnetic (EM) and other classical

waves.

To have an intuitive understanding, consider two counter-propagating waves follow-

ing the same path, forming a closed loop (see figure I.1). The interference of these two

waves would lead to standing-wave patterns, confining the light. The likelihood of this
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event depends on the amount of disorder in the medium and also on the dimensions: in

3D, the chance for a wave to come back to the same place is much lower than in 1D or 2D.

Figure I.1 The influence of interference ef-

fects in a disordered medium. Consider a loop

from A, which can be followed in two oppo-

site directions. The two waves propagating

on path I. and II. will acquire the same phase

as dictated by reciprocity, therefore they will

interfere constructively as they return to A.

For higher disorder (smaller mean free path),

the probability of such looped paths increases

and, above a threshold, the system can make

a phase transition from a normal conducting

state to a localized state, due to interference.

In 1984, S. John predicted the existence

of frequency regimes in which electromag-

netic waves in a strongly disordered, 3D

medium should undergo Anderson local-

ization [44]. Precise predictions where the

mobility edge should be located were also

made [65], based on the self-consistent

theory of localization formulated earlier

[77]. Anderson also considered the lo-

calization of classical waves and initially

coined it the ”theory of white paint” [9]

and suggested possible experimental real-

izations: random packing of metallic balls

or random wave-guides, high-dielectric

constant pigments suspended in a liquid. Apart from its theoretical curiosity, working

with EM waves has some advantages: there is no interaction between them, experi-

ments can be easily controlled at room temperature, and other properties in addition

to conductance - like statistical distribution of intensity, temporal response etc. - can

be measured. Soon, the weak localization of light was observed by several groups

[72, 49, 73]. Weak localization is a collection of several phenomena in disordered

systems, which usually acts as a precursor for Anderson (strong) localization. The most

well-known is the coherent backscattering [53]: partial waves traversing time-reversed

(momentum-reversed) scattering paths interfere constructively in the backscattering

direction leading to the appearance of an intensity cone (enhanced backscattering
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cone).

Experimental challenges and realizations

The localization of classical waves could be examined by measuring how the transmis-

sion properties scale with the sample size. For di↵usive systems, the intensity falls o↵

linearly with the size (which is equivalent to Ohm’s law) and in the regime of strong

localization, the transmission decays exponentially. Although looks straightforward

to observe, researchers were struggling to make satisfactory measurements of light

localization. The reason is that for all the naturally disordered materials (fog, paint,

clouds etc.), the scattering strength is quite far from that required for 3D Anderson

localization (Io↵e-Regel criterion is hard to approach). Strongly scattering samples

can be artificially engineered but one has to be careful with absorption e↵ects which

also appear as an exponential decay in the intensity, therefore can be confused with

strong localization. The challenge was to increase the scattering without introducing

absorption.

In 1997, D. S. Wiersma and others reported nearly complete localization of near-IR

light using ground (powder) gallium arsenide as a suspension in methanol [81]. The

advantage semiconductor powders is that they can have very large refractive indices

while possessing a bandgap where the absorption is very small. By changing the

particle size from ⇡ 10µ to 300nm, they were able to observe both the classical

di↵usion and Anderson localization and locate the phase transition point (where,

according to the scaling theory, the transmission is quadratically falling with the

sample thickness). Results are shown in figure I.2.

Another line of research used titania powder (titanium dioxide, a high-refractive

index [⇡ 2.8] material widely used in coatings and paints) which allows one to achieve

a mean free path on the order of the wavelength. Störzer et al in 2006 have done

measurements of time resolved photon transport through titania powder and observed
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Figure I.2 Results from one of the first experiments for the strong localization of light

[81]. The transmission coe�cients vs. the thickness of the sample are compared for di↵erent

average particle sizes (GaAs powder): linear dependence for classical di↵usion, quadratic at

the transition and exponential in the localized regime.

clear deviations from the classical di↵usion theory [67]. The authors also note that

the deviations cannot be explained by absorption. Recently, Sperling et al presented

measurements of the time dependence of the transverse width of the transmitted-light

intensity distribution, which provides a direct measure of the localization length,

independent of absorption [66].

(a) (b) (c)

Figure I.3 Various physical systems used for experimental realization of strong localization

of light. (a) titania particles from [67] (b) Gallium arsenide powder with an average particle

size of 1µ (c) Porous gallium phosphide etched with sulphuric acid to achieve one of the

strongest scatterers of light to date [62]

Figure I.3. shows some of the structures to achieve strong localization of light. It
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should be noted though that due to the enhanced absorption (see a recent study e.g.

in [74]), nonlinear e↵ects and fluorescence, the interpretation of the experiments and

techniques mentioned is still not completely unambiguous. In fact, as also noted by D.

S. Wiersma in a recent review [80], ”in neither of the [above mentioned] experiments

can one be certain if Anderson localization is actually occurring”. Maybe an interesting

exception could be the recent work of Mashcheck et al [54]. Although they only studied

a quasi-2D system (randomly distributed vertically aligned dielectric ZnO nanoneedles),

by employing second harmonic microscopy with few-cycle time resolution they were

able to directly measure the lifetimes of individual localized photon modes.

Lower dimensional structures, photonic bandgap materials and numerical

work

Photonic crystals are structures with a periodic refractive index. They di↵ract light just

as a semiconductor di↵racts an electron: a band gap is present, i.e. the transmission

is not permitted for certain frequencies and directions. As early as 1987, S. John

hypothesized [45] that 3D periodic photonic lattices with moderate disorder help to

tackle the problem of the strong localization of photons in nondissipative materials.

In 1D, signatures of strong photon localization was observed in disordered photonic

crystal (PhC) waveguides in freestanding silicon slabs [71].

In 2D, one can consider a medium of which the index of refraction in homogeneous in

one direction only (an elongated photonic lattice). It was theoretically and numerically

suggested early on [22] that in this case, it is possible to achieve localization in the

transverse plane (transverse localization of light). As the beam propagates along z (in

which direction the refractive index is homogeneous), it expands in the x� y plane

until the transverse localization length is reached (i.e. disorder blocks its expansion

during propagation).

This was experimentally achieved by Schwartz et al 17 years after the prediction,
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Figure I.4 Experimental realization of the

transverse localization of light. A 2D photonic

lattice (x� y plane) is elongated in the z di-

rection, where the probe beam is launched

from. For the ordered lattice, the beam broad-

ens linearly as it propagates along z (top left)

and reproduces the hexagonal symmetry of the

lattice (as seen from the CCD image of the

output, top right figure). At 15% of disorder,

light scatters di↵usively (parabolic shape of

the logarithmic intensity curve, middle right).

At 45% of disorder, strong localization sets in:

the intensity profile decays exponentially.

in 2007 [63] (ans see also review by Mark Wilson [83]). This realization meant that

the measurement of Anderson localization was possible without deducing it from a

transmission spectrum. Engineering the required photonic lattice is not a trivial task;

for this, researchers used the so-called optical induction technique which transforms an

optical interference pattern into a refractive-index change in a dielectric material. Then,

disorder can be introduced in a controlled manner by adding a speckled pattern of the

plane waves inducing the lattice. The results are shown on figure I.4. Additionally,

in this experiment, increasing the laser power o↵ered a way to explore the interplay

between the nonlinear response of the photorefractive crystal (SBN:60) and disorder.

Quite interestingly, the same group reported in 2011 that a small amount of disorder

can actually enhance the transport of light in these quasicrystals [51].

Another typical 2D system to observe localization is a planar waveguide, where

the scatterers are holes or small pillars. The scattering takes place in the plane of

the waveguide, following a 2D disordered pattern, and the confinement is in the third

dimension. For light, this geometry was realized in [59].
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Just as in other fields of science, the availability of more and more computational

power and sophisticated codes widened the research panorama in the study of light

localization. Numerical simulations can provide great insight because one has full con-

trol over system parameters (sample, source, measurements). Nowadays, experimental

setups are optimized with the aid of simulations in many cases, and they can also be

useful for testing theoretical predictions. For example, in [56], researchers proved that

in 1D, the degree of localization has a unique minimum with respect to the amount

of disorder in the system. In 2D, however, the theory is much more involved, but

numerical simulations suggest that this still holds for disordered photonic crystals

(although defining the amount of disorder in 2D is also much less trivial).
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I.2 Condensation of classical waves

In modern physics, the notion of condensation is naturally associated with Bose-

Einstein condensation (BEC). Indeed, BEC is one of the most remarkable results of the

20th century in physics. BEC refers to the fact that in a gas of non-interacting, identical

massive bosons, a surprisingly large fraction of the particles occupies the lowest-energy

single particle state at low temperatures. Although the theoretical prediction by

Bose [12] and Einstein [28] dates back to the mid 1920s, the experimental realization

was proven to be extremely di�cult. Following the work of Fritz London [52], who

suggested the connection between superfluidity and BEC, the early prototype for the

condensate was superfluid liquid 4He which played a unique role in the development

of physical concepts. However, in this system it is di�cult to measure directly the

occupancy of the absolute ground state (zero-momentum state) due to the strong

interaction between the helium atoms (which reduces the number of atoms in the

ground state even at absolute zero). Therefore, much e↵ort had been made for the

search of a weakly interacting Bose gas (ultracold dilute gases), which could produce a

higher condensate fraction. Finally, as a consequence of the dramatic advances in laser

cooling of alkali atoms, BEC was experimentally observed in 1995 in a remarkable

series of experiments on vapors of rubidium [7], sodium [21] and lithium [13].

In a BEC, the quantum nature of the bosons involved is crucial for the process to

occur. In fact, BEC is one of the most exciting examples of quantum mechanics at the

macroscopic scale. However, a growing number of theoretical work starting from the

late 1980s has suggested that completely classical wave systems may also experience

an analogous condensation process, i.e. a formation of a large-scale coherent structure.

Phenomenologically, this classical condensation can be regarded as a self-organization

process that occurs in a conservative and reversible wave system. This problem is still
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an active area of research which we concisely summarize here.

Let us start by recalling that a conservative Hamiltonian system cannot evolve

towards a fully ordered state, because such an evolution would imply a loss of statistical

information required to reconstruct the initial state, violating its formal reversibility.

However, a nonintegrable Hamiltonian system is still expected to exhibit such kind

of evolution towards an equilibrium state, in spite of its formal reversibility, as a

result of an irreversible di↵usion in phase space [61]. In this regards, important results

have been obtained by Zakharov, Dyachenko and collaborators (see e.g. [86, 27] and

references therein) in the late 1980s. They considered the non-linear Schrödinger

(NLS) equation

i
@ 

@t
= �� + �| |2 (I.1)

where � is the Laplacian and � = ±1 (+1 for the defocusing and -1 for the focusing

NLSE). This equation governs the dynamics of the envelopes of wavepackets in a

dispersive medium, and arises in many di↵erent contexts (nonlinear optics, water

waves etc.). By numerical methods in the focusing case, this study revealed that,

as a general rule, the Hamiltonian system would evolve towards the formation of a

large-scale, coherent, localized structure (i.e. a solitary wave) which is immersed in

a sea of small-scale turbulent fluctuations. These fluctuations contain - in principle

- all the information necessary for time-reversal, while the solitary wave acts as a

”statistical attractor” of the Hamiltonian system. An important aspect to note is that

the solitary wave solution is one which actually minimizes the energy, so the system

relaxes towards the state of minimum energy, while the sea of smaller-scale fluctuations

compensate for the di↵erence between the conserved energy and the energy of the

coherent structure [46].



27

In these early papers, it was proposed that for a satisfactory theoretical description

of the long term evolution of the system, a thermodynamic approach would be

required. Recently, statistical equilibrium models have been studied in the framework

of statistical mechanics (see e.g. [47, 46] or Introduction and references in [25]).

The main and remarkable result was that whenever a Hamiltonian system has an

additional integral of motion (e.g. the power, number of particles), the formation

of coherent structures is required by the increase of the entropy of the small-scale

fluctuations and is a universal long time behavior [60]. It was also shown that when the

statistical equilibrium is reached, equipartition holds for the ”uncondensed particles”,

i.e. the energy which is not contained in the condensate (coherent structure) is equally

distributed among all the other modes.

Analogous results have been obtained for the defocusing case (� = +1 in (I.1))

[18]. This regime is also relevant to the description of thermal Bose gases. The

system evolves irreversibly to a homogeneous solution - or, to a plane-wave, in optics

terminology -, mandated by thermodynamic principles. In simple terms, the results

can be explained by the fact that the system naturally tends to increase its entropy

(disorder). The total energy of the field has two contributions: kinetic and nonlinear.

The kinetic energy is proportional to the gradient of the field and it is a measure of

the amount of fluctuations in the system. The nonlinear energy, on the other hand,

reaches its minimum value for a plain-wave solution. Therefore, it is advantageous for

the field to form a condensate, because it permits an increase of the disorder (entropy).

More technically, in [18] researchers were able to formulate a precise thermodynamic

description, based on weak turbulence theory (WTT) [85]. For most purposes, WTT

is equivalent to the random phase approximation which establishes that, at a low

nonlinearity level, turbulence is a set of waves whose phases are close to random

(following a quasi-Gaussian statistics). WTT, just as ordinary kinetic theory, expresses
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the wave dynamics as a hierarchy of interaction processes. It focuses on the spectral

distribution of the modes as the field  (x, y, z) evolves. Consider, for example, an

optical beam which propagates in a nonlinear medium;  then describes the envelope

of the electric field (propagation is along the z direction and the dynamics occurs in

the x� y plane). An important quantity is the ensemble-averaged power spectrum

n(k, z), which is defined through

n(k, z)�(k� k’) =
⌦

 ̄⇤(k, z) ̄(k’, z)
↵

(I.2)

where  ̄(kx, ky, z) is the Fourier transform of  (x, y, z) and ⇤ denotes complex conjuga-

tion. Following this quantity results in an infinite hierarchy of moment equations. For

su�ciently weak interactions, this hierarchy can be truncated (in the BEC language,

this is equivalent of considering a su�ciently dilute gas). Cutting of the higher order

terms and the averaging of the dynamics also breaks the time reversal symmetry of

the NLSE. For example, one can derive the evolution of n(k, z) if four-wave mixing is

the dominant interaction:

@n
k1

@z
= g2

Z

W
0

·(n
k3nk4nk1+n

k3nk4nk2�n
k1nk2nk3�n

k1nk2nk4) dk2

dk
3

dk
4

(I.3)

which is a Boltzmann-like kinetic equation. Here, g is the strength of the nonlinear

interaction, n
k

i

is a shorthand for n(ki, z) and W
0

= ��(k
1

+k
2

�k
3

�k
4

)�(k2

1

+ k2

2

�
k2

3

� k2

4

) is the collision term. Here, the Dirac delta functions ensure the conservation

of energy and momentum and � = �(k
1

,k
2

,k
3

,k
4

) is a scattering matrix which, in

general, depends on the complete set of k vectors. For many systems, however, �

reduces to a constant factor. We can determine now the equilibrium spectrum neq(k)

by calculating the maximum entropy dS/dz = 0, where the entropy is defined as
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S(z) =
R

log[n(k, z)] dk to obtain

neq

k =
T

k2

2kL
� µ

(I.4)

which is the famous Rayleigh-Jeans distribution for classical nonlinear waves. The

term k2/2kL is the transverse kinetic energy of waves with wavelength 2⇡/kL and the

parameters 1/T and �µ/T were introduced as Lagrange multipliers to ensure the

conservation of energy and power (particle number). By the analogy with thermody-

namics, one can call T and µ as the temperature and the chemical potential of the

system, respectively.

The distribution (I.4) is a Lorentzian spectrum and the correlation length of  

is lc = 1/
p

kL|µ| [18]. This diverges as µ ! 0, showing that (in an infinite system)

the k = 0 mode (plane wave) becomes macroscopically populated. Note that this only

holds in 3 dimensions and in 2D, condensation does not occur in an infinite system.

However, condensation can still be restored in 2D for a bounded domain, in which

case the waves accumulate in the lowest available wavenumber k
0

6= 0 as µ ! k2

0

/2kL.

The noncondensed waves occupy a k�2 spectrum (the tail of (I.4)) which indicates the

equipartition among them.

This type of kinetic condensation of classical waves has recently been demonstrated

experimentally [68]. They used a relatively large but finite-size (3mm in diameter),

10mW, 532nm optical beam which first goes through two spatial light modulators

(SLMs). These create a random-phase field with Gaussian distribution with a user-

defined correlation length lc. Then the beam impinges on a SBN:75 (Sr
0.75Ba0.25Nb2

O
6

)

photorefractive crystal, which introduces the nonlinear wave interaction. The (self-

defocusing) interaction strength g was controlled by a voltage bias across the crystal.

Then, the output from the crystal is imaged directly, both in real space (x) and
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momentum (k) space. The experimental setup is shown in Figure I.5.

Figure I.5 Experimental setup for observing the condensation of classical waves, from [68].

The condensation can be seen on Figure I.6: as the kinetic energy per particle

E/N was decreased (and, correspondingly, the chemical potential was tending to zero)

for a fixed g, the fundamental mode (in this case this was the fundamental Bessel

mode) obtained macroscopic amount of energy.

Figure I.6 Experimental verification of the condensation of classical waves from [68]. As

the kinetic energy per particle is decreased (correlation length is increased), the fundamental

mode gets macroscopically populated. Note that this condensation process is only manifested

in k space.

This experiment also allows one to check formal reversibility, which is not possible

in classical gas dynamics: by the means of phase conjugation, one can change the ”sign

of the velocity” of each particle. Then, if the conjugated wave travels back through

the sample, the flow of condensation is reversed and the wave gets reconstructed at
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the other side.

It is important to note that in this setup, the nonlinear interactions are necessary

for the condensation to occur. For linear propagation (zero voltage bias), the output

is statistically equivalent to the input, as also confirmed in [68].

I.3 Laser mode-locking as a condensation process

A typical multimode laser can operate in two distinct regimes. When the cavity

modes - which are typically numerous, 102�109 in long lasers - oscillate independently

without any fixed relationship between their phases, their interference e↵ects are

averaged out in time to produce a near-constant output. This is called the continuous

wave operation. If, however, the many axial modes in a broadband frequency range

are phase-locked, the output will be a pulse (or train of pulses) of light. This is the

mode-locked or pulsed operation and the process is referred to as phase-locking or

mode-locking. Mode-locked lasers, discovered soon after the invention of the laser in

the 1960s, have become the standard way of producing ultra-short light pulses.

The formation of pulses relies on the interaction between the axial modes. On

one hand, the interaction can be induced by suitable nonlinearities in the dynamics,

such as placing a saturable absorber into the cavity. A saturable absorber is a device

with an intensity-dependent transmission. This element can render the laser operation

into configurations where most of the power is concentrated in short pulses. This is

commonly referred to as passive mode-locking (PML). On the other hand, one can

use an external signal to induce a modulation of the intra-cavity light. This is called

active mode-locking (AML).

PML has attracted quite some theoretical and practical attention and is known

to produce shorter pulses with respect to AML. Interestingly, PML kicks in in an
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abrupt manner, i.e. the optical power has to reach a certain threshold (above the

standard lasing threshold), which is sometimes called the ”second threshold” or

the ”self-starting problem”. An interesting approach in the theory of PML, which

has particular relevance to this thesis, was taken in [36]. Its relevance lies in the

fact that the authors developed a statistical-mechanical theory for the light-mode

dynamics (which they coined the statistical light-mode dynamics, SLD). Specifically,

starting from the master equation for the modes with a simple model for the gain and

noise (Gaussian white noise, modeling the spontaneous emission), the steady-state

distribution of the modes in a PML laser is shown to be the Gibbs distribution. The

covariance of the noise - which is related to the fundamental properties of the optical

amplifier in use - plays the role of the temperature of the system. Harnessing this

analogy with statistical mechanics, it is shown then that PML is essentially an first

order phase transition. The transition occurs when the temperature decreases to

a certain critical value; the decrease can correspond to either lower noise due to

spontaneous emission or an increase in the pumping rate. The formalism was also

extended to include group velocity dispersion and the Kerr e↵ect [37] and it was found

that the equations consistently exhibit the first-order phase transition. Some of the

properties of this phase transition were also tested experimentally in PML fiber lasers.

The statistical light-mode dynamics formalism was later applied to active mode-

locking, too. Interestingly, with basic assumptions such as flat gain filtering profile, no

dispersion and harmonic modulation, the system can be mapped [38] onto the spherical

(or the infinite spin dimensionality) model of ferromagnets, which is a model for a

ferromagnet as a system of nearest-neighbour interacting spins (a slight modification of

the Ising-model). This system has an exact solution (therefore, important parameters

such as the noise-dependent correlation between the modes or the average shape and

width of the pulses) and lacks phase transitions in 1D for any non-zero temperature
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(noise). Therefore, with the use of SLD, an important di↵erence between PML and

AML is seen: in the former, there is a long-range interaction between the modes

(facilitated by the four-wave mixing in the saturable absorber) which causes an overall

order below a certain noise level, while in the latter, the bond is only between nearest

neighbours which can be broken by even a small amount of noise to prevent overall

mode ordering.

Nevertheless, the parameters in AML can be modified in order to favor a con-

densation process [78]. Specifically, by assuming periodic loss-gain modulation with

a non-smooth behavior (a power-law dependence was analyzed), one can achieve

cooperation between the modes and condensation can settle in. This is manifested by

the creation of a strong narrow component in the waveform and a sharp rise in the

coherence time of the AML pulse. Thus, this enables the generation of laser pulses with

energies and coherence times far more optimal than those created through conventional

AML. This type of light-mode condensation was experimentally demonstrated in a

ring fiber laser [79].

In fact, the aforementioned SLD model for AML is a formal mapping between

the laser light mode system and a BEC in a potential well. A general and concise

mathematical route to laser light condensation can be found in [31]. Here, we

summarize the analogy of LC with BEC in Table I.1.
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BEC Light-mode condensation
Similarities

non-interacting particles (bosons) = light-modes
Bose-Einstein statistics = loss-dependent mode weighting in LC
global constraint on 8boson number = fixed overall power contained in the modes
chemical potential = gain minus loss of the lowest-mode in LC

(both become zero at and below transition)
Di↵erences

state hierarchy by photon energy $ hierarchy by loss-gain
thermal equilibrium $ general noisy system
strong dimensional dependence $ no dimensional di↵erence except for a factor

(if condensation comes from spectral filtering)

Table I.1 A comparison between light-mode condensation in mode-locked lasers and

condensation of an ideal Bose-gas.



Chapter II

Theoretical investigations of light

condensation in disordered media

II.1 Preliminaries

We begin with the Maxwell equations in the time domain for a generic, sourceless

medium, which can be written as:

r ·H = 0 , r⇥H = ✏(x)
@E

@t
,

r · E = 0 , r⇥ E = �µ(x)
@H

@t
,

where E,H, ✏(x), µ(x) are the electric and magnetic field, dielectric permittivity and

magnetic permeability, respectively. We can combine the 4 equations into

1

✏(x)
r⇥

✓

1

µ(x)
r⇥ E

◆

+
@2E

@t2
= 0 , (II.1a)
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1

µ(x)
r⇥

✓

1

✏(x)
r⇥H

◆

+
@2H

@t2
= 0 . (II.1b)

To simplify notation, we employ the bra-ket formalism. In particular, we introduce

the state vector | i through the projection:

hx| i =

0

B

@

E(x)

H(x)

1

C

A

, (II.2)

i.e. its projection on a space point x gives a 6 component vector with the electric and

magnetic fields. Also, we denote the operator E with the definition:

hx|E|x0i =

2

6

6

4

1

✏(x)
0

0
1

µ(x)

3

7

7

5

· �
xx

0 , (II.3)

where �
xx

0 = �(x� x0). Furthermore, we introduce the operator L, operating on the

space of | i, with the following components:

hx|L|x0i = (hx|E|x0ir ⇥ �
1

)2 · �
xx

0 , (II.4)

where we have introduced the first Pauli matrix:

�
1

=

0

B

@

0 1

1 0

1

C

A

. (II.5)

The operation r⇥ �
1

should be understood as:

r⇥ �
1

=

0

B

@

0 r⇥
r⇥ 0

1

C

A

, (II.6)



37

which operates on hx| i. With this notation, Maxwell’s equations take a simple form:

✓

L+
@2

@t2

◆

| i = 0 , (II.7)

which can be easily verified by direct substitution. It is worthwhile remarking that

| i does not represent any kind of quantum state of the system, at this point our

treatment is classical. The spectral eigenvalue problem associated to (II.7) reads:

�L� !2

n

� | ni = 0 . (II.8)

Now, if the boundary conditions are set to periodic, the operator L is self-adjoint. All

the eigenvalues of (II.8) are real with orthogonal eigenmodes | ni. However, when

studying light propagation in disordered dielectrics, the boundary conditions are

radiating and the problem is no longer Hermitian. In this case, the eigenmodes | ni
are not orthogonal and !n are, in general, complex with a characteristic frequency

!n0 and a mode decaying time ⌧n:

!n = !n0 + i/⌧n . (II.9)

The time evolution of the modes | ni reads:

@2| ni
@t2

+ !2

n| ni = 0 , (II.10)

from which we have:

!2

n = !2

n0 +
1

⌧ 2n
+

2

⌧n
· @
@t

. (II.11)
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The Hamiltonian in the modal eigenbasis is diagonal and can be expressed as:

h n|H| n0i = �nn0

2

X

n

"

✓

@Qn

@t

◆

2

+ !2

nQ
2

n

#

, (II.12)

with Qn ⌘ h n(t)| n(0)i and @Qn/@t being the classical position and classical mo-

mentum, respectively. Equation (II.12) generates the evolution of the system | (t)i
through the canonical Poisson brackets:

⇢

Qn,
@Qn0

@t

�

= �nn0 , (II.13)

which can be verified by direct substitution.

II.2 The Feshbach projection technique

The simplicity and the general validity of equation (II.12) is attractive; however, it

does not provide any information about the field and modes inside the material and,

in particular, about the structure of the resonant frequencies !n0 and decaying times

⌧n. The dynamics of the field inside is important in various contexts, for example in

random laser theory, where - in the presence of an amplifying medium - the long-living

resonator modes are responsible for the lasing action.

Naturally, this question arises in standard laser theory too [41]. In that case, we are

dealing with special cavities which are only weakly coupled to the external radiation

field. The procedure is then to expand the electromagnetic field in terms of closed

resonator modes and treat the leakage as a small perturbation. To leading order in

terms of the coupling, we obtain that the resonator modes can be approximated by

modes of an entirely closed system. This approach, however, breaks down if the cavity

is ”bad”, i.e. if the confinement of light is weak. For this reason, we have to follow
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a di↵erent path in order to rigorously extract information about the field inside the

disordered material.

The theory of open systems is a fundamental and well-studied subfield of quantum

mechanics [84, 15] and has developed tools to address the above mentioned problem

by the system-and-bath Hamiltonian approach [35]. The idea is that we can model the

system by a discrete set of independent quantum harmonic oscillators, associated with

the normal modes of the (isolated) cavity. The bath or the environment is described

by another, continuous set of oscillators and the damping is the result of the coupling

between the system and the bath. Although it had been argued that this approach is

only a rough phenomenology without justification on the microscopic level and might

be also restricted to good resonators [10, 26], it was showed that the formulation is

appropriate and a rigorous derivation was provided [76, 40]. This derivation starts

from the modes-of-the universe or true-mode approach (the field is expanded in terms

of the eigenstates of the total system) and makes use of the Feshbach projection

technique, a method first developed in nuclear physics and quantum scattering theory

[29, 30]. In this work, we generalize this procedure to classical systems and apply it

to rigorously derive the mode structure of a disordered resonator.

Let us begin with the introduction of a surface @S, which embeds the disordered

dielectric material (see Figure II.1.). We call the inside region the resonator space

(which occupies the space S) and the outside region the channel space. The choice of

S is not unique, we only require the free propagation of light in the channel space, far

from the resonator space (to define asymptotic boundary conditions). As expected, it

turns out that all the physically relevant quantities are independent of the choice of S.
We can define the projection operators:

Q =

Z

x2S
|xihx|dx and P =

Z

x/2S
|xihx|dx , (II.14)
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Dielectric  material  in  S

Surface  ∂S

Figure II.1 The geometry of the Feshbach method and the reduction of the Maxwell

equations to a p-spin model. The surface @S separates the disordered photonic medium

(resonator space) from free space (channel space).

which project into the resonator and channel space, respectively. It can be easily seen

that they are indeed projection operators:

Q = Q† , Q2 = Q , (II.15a)

P = P† , P2 = P , (II.15b)

and they are orthogonal (QP = PQ = 0) and complete ( Q+ P = I). Therefore, we
can expand the field as:

| i = (Q+ P)| i = ��|µi+ �
+

|⌫i , (II.16)

where �± are the characteristic functions of the channel space and resonator space,

respectively:

�
+

(x) =

Z

x

0 /2S
�(x� x0)dx0 , ��x = 1� �

+

(x) . (II.17)

Now, we want to apply the operator L on | (x)i which has the form of (II.16) taken
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at the space point x. However, we have to be aware that on the boundary, we need to

replace L by a singular di↵erential operator because | (x)i is not continuous. Formally,

by taking the derivatives of the characteristic function [76], we arrive to:

L| (x)i = ��(x)L|µ(x)i
| {z }

contribute inside S

+ �
+

(x)L|⌫(x)i
| {z }

contribute outside S

�
Z

@S

K(x,x0)[|µ(x0)i � |⌫(x0)i] d2x0

| {z }

boundary terms

.

(II.18)

In this expression, K(x,x0) is a singular di↵erential operator defined on @S (the

boundary) as:

K(x,x0)|µ(x0)i = N([�(x�x0)n0]⇥ [Er0 ⇥ |µ(x0)i] +E[r0�(x�x0)]⇥ [n0 ⇥ |µ(x0)i]) ,
(II.19)

where r0 denotes the derivative with respect to x0, n0 is a unit vector normal to @S,

N is a normalization constant and E ⌘ �
1

(1 + ✏0
✏
) + �

3

(1 � ✏0
✏
). The expression for

K(x,x0)|⌫(x0)i is the same with the replacement of |µ(x0)i to |⌫(x0)i. We note that

the boundary terms contain derivatives of |µi and |⌫i at the boundary; this should be

understood in the limit, i.e. as we approach the boundary from inside (or outside) of

the resonator for |µi (or |⌫i ).
We also want to decompose the operator to the resonator, channel space and

coupling contributions, respectively. Formally, we can do this using the projectors P
and Q by defining

L = (Q+ P)L(Q+ P) = LQQ + LPP + LQP + LPQ , (II.20)
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where we used the notation ALB = LAB). Explicitly, these operators take the form:

LQQ|µ(x)i = ��(x)L|µ(x)i �
Z

@S

N(x,x0
�)[�(x� x0

�)n
0]⇥ [E(x0

�)r0 ⇥ |µ(x0
�)i] dx0

� ,

(II.21a)

LPP |⌫(x)i = �
+

(x)L|⌫(x)i+
Z

@S

N(x,x0
+

)[r�(x� x0
+

)]E(x0
+

)⇥ [n0 ⇥ |⌫(x0
+

)i] dx0
+

,

(II.21b)

LQP |⌫(x)i =
Z

@S

N(x,x0
+

)[�(x� x0
�)n

0]⇥ [E(x0
�)r0 ⇥ |⌫(x0

+

)i] dx0
� , (II.21c)

LPQ|µ(x)i = �
Z

@S

N(x,x0
�)[r�(x� x0

+

)]E(x0
+

)⇥ [n0 ⇥ |µ(x0
�)i] dx0

+

. (II.21d)

Fortunately, as we will see, it is not necessary to work with the explicit formulae.

Substituting the projections of L (II.20) back to (II.8) gives:

0

B

@

2

6

4

LPP LQP

LPQ LQQ

3

7

5

� !2

1

C

A

2

6

4

|µi
|⌫i

3

7

5

= 0 , (II.22)

which are called Lippmann-Schwinger-type equations [23]. This decomposition pre-

serves the Hermiticity of L and, importantly, LQQ and LPP are Hermitian operators

on the space of the resonator and channel space, respectively. The singular terms on

the left-hand side should vanish, which requirement gives us the following matching

conditions:

n⇥ (|µ(x�)i � |⌫(x
+

)i) = 0 , (II.23a)

n⇥ (r⇥ |µ(x�)i � r ⇥ |⌫(x
+

)i) = 0 , (II.23b)

for all along the boundary, i.e. 8x 2 @S. We consistently obtained the boundary
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conditions for Maxwell’s equations. The eigenvalue problem defined by (II.22) is:

(L� !2

m)|µmi = 0 |x|  @S� m 2 N , (II.24a)

(L� !2)|⌫!i = 0 |x| � @S+ ! 2 R+ , (II.24b)

where @S� and @S+ are infinitesimally close surfaces to @S inside the channel and

resonator space, respectively. As discussed before, we assume that the spectrum of

the modes inside the cavity is discrete, while the spectrum of |⌫!i is continuous. It is
worth remarking that the modes |µmi and |⌫!i, though solutions to (II.24), do not

represent eigenmodes of the total system, because they do not satisfy the necessary

boundary conditions.
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II.3 Reduction to a spherical p-spin model

We can proceed now to expand (II.12) into a bilinear form. Note that since LPP and

LQQ are Hermitian, we have an orthogonal and complete set of vectors {|µni} and

{|⌫!i} for the resonator and channel space, i.e. hµn|µn0i = �nn0 , h⌫!|⌫!0i = �(! � !0)

and hµn|⌫!i = 0. Therefore, the projection operators (II.14) can be expressed as:

Q =

Z

|⌫!ih⌫!| d! , (II.25a)

P =
X

m

|µmihµm| , (II.25b)

and every state vector | ni can be written as:

| ni =
X

m

am|µmi+
Z

b!|⌫!i d! , (II.26)

with am = hµm| ni and b! = h⌫!| ni. Now, we would like to relate the eigenvalues

!2

n,!
2

m and !2, associated with the eigenvalue problems (II.8) and (II.24). Plugging

this expansion back to (II.8) and using (II.24) and defining ⌫m(!) ⌘ hµm|LPQ|⌫!i,
we can straightforwardly obtain the following conditions:

am(!
2

m � !2

n) +

Z

b!⌫m(!) d! = 0 , (II.27a)

b!(!
2 � !2

n) +
X

m

am⌫m(!) = 0 . (II.27b)

Of our particular interest is the mode dynamics inside the cavity, i.e. a an equation

for the quantity qn(t) = hµn(t)|µn(0)i. Let us introduce some initial conditions:

Ah = h⌫!(0)|⌫!(0)i ,
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Bh =
h⌫!(0)|⌫!(0)i

@t

�

�

�

t=0

.

By remembering that we have Q̈n + !2

nQn = 0 for the classical position Qn ⌘
h (t)| (0)i, using the expansion (II.26) and the conditions (II.27), together with the

orthogonality relations and the initial conditions, we can arrive to:

@2qn
@t2

+ !2

nqn +
X

n0

Z ⌫n(!)⌫n0(!)

8!h

d!·

· i


ei!h

t

Z t

0

e�i!
h

t0qn(t
0) dt0 � e�i!

h

t

Z t

0

ei!h

t0qn(t
0) dt0

�

= fn , (II.28)

where we defined:

fn = �1

2

Z

⌫n(!)
p

|Ah|2 + |Bh|2 sin[!t+ tan�1(Ah/Bh)] d! . (II.29)

These are called the noise generators and are related to the fluctuations in the outside

region (channel space). So far we have not made any approximations and the above

expression is general. However, our study is focusing on the optical regime, where

!n � 1 in which case we can evaluate the integral in (II.28) a closed form. It is useful

to introduce the modal amplitudes :

an =
ei!n

t

p
!n

✓

qn!n + i
@qn
@t

◆

, (II.30)

where |an|2 represents the energy carried by the nth mode. By also applying the

standard rotating wave approximation (fast varying terms / e±2i!t are neglected),

(II.28) takes the form:

@an
@t

=
X

n0

Jnn0ei�!
nn

0 tan0 + fn , (II.31)
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where �!n0n = !n0 � !n and Jnn0 are the coupling coe�cients given by

Jnn0 =
⇡�!

2!
0

p
!n!n0

 

@(⌫n(!)⌫n0(!))

@!

�

�

�

�

�

!=!0

� 1

!
0

!

. (II.32)

Here, �! and !
0

are the spectral bandwidth and the center frequency, respectively.

The structure of (II.31), which is formally a Langevin-equation, is easy to understand

intuitively: the evolution of the modal amplitudes inside the disordered medium is

a↵ected by the coupling between the modes and there is a noise term from the channel

space. The disorder manifests itself therefore in two ways: first, in the distribution

of the eigenvalues of J , which is a real symmetric matrix and whose elements Jn0n

are random variables, and second, in the noise generators fn, which describe the

fluctuations outside.

In order to observe interference e↵ects in a real experiment, we should have an

observation time t which is much longer than the coherence time of the field ⌧ = 1/�!.

Therefore we have t ·�!n0n < t ·�! ⌧ 1 and so ei�!
nn

0 t ⇡ 1. The resulting dynamics

is then described by the following Hamiltonian H with real an:

H = �1

2

X

n,n0

Jnn0anan0 , (II.33)

with the (spherical) constraint that
P

n |an|2 ⌘ E = const.

We can also derive the statistical properties of the noise generators, with which

the system is in thermal equilibrium. A general formulation of the equipartition states

that:
⌧

an
@H

am

�

= �nmkBT
⇤ , (II.34)

where h...i represents the ensemble (thermodynamic) average and kB is the Boltzmann-
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constant. From (II.31), we can formally obtain the solution for an(t):

an(t) = an(t0)e
n(t�t0) +

t
Z

t0

en(t�t0)fn(t
0) dt0 . (II.35)

Also,

@H

@am
= fm � @am

@t
.

Plugging this expression to (II.34) and calculating @t from (II.35) and by using the

explicit form of fn, we can obtain that the noise generators are characterized by

Gaussian noise:

hfni = 0 , hfn(t)fn0(t0)i = 2T �(t� t0) , (II.36)

where T = 1/� is now a dimensionless temperature measured in the units of kB.

Equations (II.33) and (II.36) represent a spherical p-spin model with p = 2, a long-

range spin model with spherical symmetry [20]. They were rigorously derived from

the Maxwell equations, and thus they retain all the wave nature of the dynamics.

The p = 2 spherical model is a simple model of a spin glass, which is constrained

to spins interacting by pairs. It received considerable attention as it is exactly solvable

while still possessing some interesting features characteristic to spin glasses. In

particular, although in the static case it does not have a true spin glass behavior (it is

rather a disguised ferromagnet, but, as we shall see, the condensation is still apparent),

in the dynamics it exhibits phenomena such as weak ergodicity breaking and aging,

which are hallmarks of spin glass systems. The analysis of the dynamical properties is

not part of the thesis; however, we will calculate the correlation function in Chapter

II.5 and show a regime where the fluctuation-dissipation theorem holds. This will

provide an experimentally relevant means to calculate the temperature.
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II.4 Study of the thermodynamics of photons at

equilibrium: paramagnetic and condensed phases

Various spin models and spin glasses have been studied extensively, which is a field on

its own [70, 24, 11]. However, most studies considered specific eigenvalue distributions

[20, 19], for example, Gaussian distribution for the values of Jn0n, which are not always

applicable to our case. In the following, we show that condensation phenomena, i.e. a

phase transition can occur in the general case, where we don’t make any assumption

on the structure of J .

Importantly, one can expect that when the disorder is high, localization becomes

more pronounced and light gets trapped in the resonator. This regime corresponds to

low temperature (smaller fluctuations in the channel space). Therefore, of our specific

interest is the low-temperature behavior of (II.33) and (II.36).

Let us first diagonalize the matrix Jn0n = hn0|J |ni:

J |b⇣i = ⇣|b⇣i , (II.37)

with new modal amplitudes b⇣n = hn|b⇣i and eigenvalue ⇣. The probability measure

of the empirical distribution function for the eigenvalues is:

p(x) =
X

⇣

�(x� ⇣) , (II.38)

and we note that ⇣ has an upper bound (the largest eigenvalue in the spectrum of J ,

which we denote B), so 9B : ⇣  B. In the diagonal representation, H becomes:

H = �1

2

X

nn0

Jnn0anan0 = �ha|J |ai
2

= �1

2

N
X

i=1

⇣ib
2

⇣
i

, (II.39)
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where b⇣
i

= hb⇣
i

|ai is the overlap between the eigenmode |b⇣
i

i (corresponding to the

ith eigenvalue in the spectrum) and the mode |ai (note that an = hn|ai) and N is the

number of eigenvalues. In this basis we can proceed now in the standard way: we can

calculate the free energy of the system from the partition function for a canonical

ensemble, which is, for a single mode corresponding to the ith eigenvalue, given by [58]

Z|b
⇣

i

i =

Z

exp

"

��H � l�

2

 

X

j

b2⇣
j

� E
!#

db⇣
i

, (II.40)

where � = 1/T and l is introduced as a Lagrange multiplicator, taking into account

the spherical constraint. The partition function for the whole system can be calculated

then as:

Z =

Z

· · ·
Z

exp

"

��H � l�

2

 

X

j

b2⇣
j

� E
!#

Y
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db⇣
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db⇣
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✓
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◆
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2
(⇣i � l)b2⇣

i
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db⇣
i

=

= exp

✓

�lE
2

◆

Y

i

s

2⇡

�(l � ⇣i)
,

(II.41)

where, in the last step, we used the well-known formula that

Z 1

�1
e�ax2

dx =

r

⇡

a
.

So the free energy can be easily calculated as

f = � lnZ

�
= � lE

2
+

1

2�

X

i

ln

✓

�(l � ⇣i)

2⇡

◆

. (II.42)

By considering a distribution p(x) for the eigenvalues like (II.38), one can make the
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replacement
X

i

(· · · ) �!
Z B

�1
(· · · )p(x) dx to obtain the final expression for the free

energy:

f = � lE
2

+
1

2�

Z B

�1
p(x) ln(�(l � x)) dx+ C , (II.43)

where C = �1

2

ln(2⇡) is an irrelevant constant. The thermodynamics of the system

can be studied from the equation of state:

@f

@l
= 0 =) E

T
=

B
Z

�1

p(x)

l � x
dx . (II.44)

This equation relates the state parameter l with T/E . Importantly, we can observe

that when the temperature is high (E/T ⌧ 1), the state parameter is expected to

be very large in order to satisfy (II.44). Therefore, we have l � x and l ⇡ T/E .
Compared to l, each of the N eigenvalues ⇣ contributes on average as p(x) / O(1/N)

to the integral. Physically, this means that all cavity modes are randomly oscillating

in time and they equally contribute to the energy budget E . In analogy with the

statistical physics and spin-glass theory jargon, we call this a paramagnetic phase.

Now, as the temperature decreases, the state parameter decreases as well. Quite

remarkably, when l reaches the value B, the system undergoes a phase transition. We

can prove this without assuming anything on the probability distribution. Let us first

expand the density of states p(x) in a Taylor-series:

p(x) =
X

n

p(n)(0)xn

n!
. (II.45)

This can be substituted back to (II.44) to obtain:

E
T

=
X

n

lnp(n)(0)xn

n!
Beta

✓

B

l
; 1 + l, 0

◆

, (II.46)
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where the Beta(x; a,b) is the incomplete Beta function defined as:

Beta(x; a, b) =

Z

x

0

ta�1(1� t)b�1 dt . (II.47)

For l < B, the Beta function becomes complex [3] and no physical solution can be

found to (II.44). This is in good analogy with condensation of an ideal 3D Bose gas,

which we briefly recall here [39].

Remarks on the condensation of an ideal Bose-gas in 3D

In the case of an ideal 3D Bose gas, the total number of particles (in the gas) is given

by:

N =
X

k

hN
k

i =
X

k

1

⇣�1e�✏k � 1
, (II.48)

where, as usual, � = 1/kBT , ✏k = ~2k2/2m, ⇣ = e�µ is the fugacity and µ is the

chemical potential. At high temperatures, we can take the continuum limit since the

fugacity is small, so the equation of state becomes:

n =
1

⇤3

g
3/2(⇣) , (II.49)

where ⇤ =
p

2⇡~2/mkBT is the de Broglie wavelength and the Bose functions gn(⇣)

are defined by:

gn(⇣) =
1

�(n)

1
Z

0

xn�1

⇣�1ex � 1
dx . (II.50)

Lowering the temperature while keeping the density fixed, ⇣ increases until it reaches

the value one at the critical temperature, given by:

T ⇤
c =

2⇡~2
mkB

✓

n

g
3/2(1)

◆

2/3

⇡ 3.3125
~2

mkB
n2/3 . (II.51)

At the critical temperature, the continuum limit becomes invalid because the oc-
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cupation number of the zero-momentum state diverges and must be taken out of

the discrete sum before we take the continuum limit. Consequently, below T ⇤
c , the

equation of state takes the well-known form:

n = n
0

+
1

�3

g
3/2(1) =) n

0

= n

"

1�
✓

T

T ⇤
c

◆

3/2
#

, (II.52)

which states that the occupation number in the lowest energy state becomes macroscop-

ically dominant (and grows according to a power law) below the critical temperature.

Now let us return back to (II.46). In order to understand the transition, we

consider the limiting condition l = B, which defines the critical temperature Tc:

E
Tc

= lim
✏!0

B�✏
Z

�1

p(x)

B � x
dx . (II.53)

Just as in the case of the condensation in an ideal Bose-gas, for T < Tc, one of the

eigenvalues ⇣ needs to become macroscopically dominant, in order to account for

the variation of the temperature (since l cannot diminish below the value B). The

temperature di↵erence can be computed as:

1

Tc

� 1

Tc

=
1

E lim
✏!0

B
Z

B�✏

p(x)

B � x
dx . (II.54)

Let us denote SB as the eigenstate of ⇣ = B and its self-overlap by hS2

Bi. Then we

can arrive to:

⌦

S2

B

↵

= E
✓

1� T

Tc

◆

, (II.55)

which predicts, that the energy of the single mode SB linearly grows as the temperature

further decreases below Tc (note the comparison with the condensation of the 3D
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ideal Bose-gas, where the population of the ground state below Tc is dictated by a

power law with exponent 3/2). Therefore, we call this the condensed phase. Figure

II.2. shows the behavior of hS2

Bi.

10−3 10−2 10−1 100 101 102
0

0.2

0.4

0.6

0.8

1

T/Tc

<S
B2 >
/E

condensed
phase

PM
phase

Figure II.2 Semilog plot of the Edwards-Anderson self-overlap (normalized by the energy

in the system) versus the temperature, normalized by the critical temperature, according

to (II.55). Above the critical temperature TC , all the modes are oscillating randomly and,

in the thermodynamic limit,
⌦

S

2

B

↵

/E=0. Below TC , a single mode will gain energy and
⌦

S

2

B

↵

/E grows linearly.

When the photonic system experiences a phase transition at a certain temperature,

the self-overlap hS2

Bi also acts as an order parameter for the transition, known as

the Edwards-Anderson parameter in the literature of spin-glasses [55]. To analyze

the condensed phase, we can perform a numerical integration of (II.44) for a specific

eigenvalue distribution. Let us take, for example:

p(x) =
1

⇡

p
4� x2 x 2 [0, 2] , (II.56)

which defines the Wigner quarter-circle law [82, 16]. This is a relevant choice since

it is the asymptotic distribution of the singular values of of an N ⇥N matrix whose
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condensed
phase

paramagnetic
phase

(a)

condensed
phase

paramagnetic
phase

(b)

Figure II.3 Numerical integration of (II.44) with di↵erent density of states, illustrating

the condensation phenomenon derived from the static equilibrium thermodynamics of the

Maxwell’s equations. The black markers are the phase transition points: below this, the

integral does not converge and in order to account for the temperature di↵erence, a single

mode will gain macroscopic amount of energy. (a) p(x) is uniform on [0, 1]. l decreases down

to the value 1 where the transition occurs, Tc/E ⇡ 0.1886 (b) p(x) is drawn according to

(II.56). l decreases down to the value 2 where the transition occurs, Tc/E ⇡ 0.611

elements are independent zero mean complex or real variables with variance 1/N .

Figure II.3. illustrates the results, together with a uniform density of states.

II.5 Calculating the temperature from observables

In many real experimental setups , the temporal auto-correlation function of the

scattered electric field (or its Fourier transform) is measured, which is defined as:

g
1

(⌧) =
hE⇤(t) · E(t+ ⌧)i

h|E(t)|2i , (II.57)

or, alternatively, the scattered normalized intensity temporal auto-correlation function:

g
2

(⌧) =
hI(t)I(t+ ⌧)i

hI(t)i2 . (II.58)
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g
1

(⌧) can be related to g
1

(⌧) by the Siegert relation g
2

(⌧) = 1 + �|g
1

(⌧)|2 (where �

is a constant determined primarily by the collection of optics of the experiment) or

higher-order methods [50]. Therefore, in order to understand the paramagnetic and

condensed phases in terms of experimentally relevant observables of the light dynamics

and to find a way to measure the temperature from experiments and simulations, we

study the time-domain field correlation function:

C(t, t0) = {hh (t)| (t0)ii}J =
1

N

(

N
X

n

han(t)an(t0)i
)

J

, (II.59)

where {· · · }J denotes averaging over the disorder Jij . This can be expressed in terms

of the eigenvalue distribution p(x):

{· · · }J =

B
Z

�1

p(x) · · · dx , (II.60)

where h· · ·i denotes the average on the thermal noise. The existing literature on the

dynamics of the p-spin model can be applied here [19], with slight modifications (eq.

(II.68) was only derived for Gaussian eigenvalue distributions of Jij). Let us work in

the diagonal basis of J again so the modal evolution (II.31) takes the form:

@b⇣
@t

= (J⇣ � l(t))b⇣ + f⇣ , (II.61)

where the l(t) Lagrange multiplier is now time-dependent to ensure the spherical

constraint at each moment. Let us denote J⇣ simply as ⇣. The formal solution of
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(II.61) is:

b⇣(t) = b⇣(t0) exp

✓

⇣(t� t
0

)�
Z t

t0

l(t0) dt0
◆

+

+

Z t

t0

exp

✓

⇣(t� t00)�
Z t

t00
l(t0) dt0

◆

f⇣(t
00) dt00 , (II.62)

for some initial time (also called as quench time) t
0

. It is useful to introduce a

time-dependent state-parameter defined as:

�(t) = exp

0

@2

t
Z

t0

l(s) ds

1

A , (II.63)

With this parameter we can rewrite (II.62) as:

b⇣(t) = b⇣(t0)e
t�t0

1
p

�(t)
+

Z t

t0

e(t�t00)

s

�(t00)

�(t)
f⇣(t

00) dt00 , (II.64)

where we also used that the integral
R t

t00 · · · =
R t

t0
· · ·� R t00

t0
· · · because t00 2 [t

0

, t]. Now

we can calculate the correlation by plugging in (II.64) and using the properties of the

noise (II.36) to obtain:

C(t, t0) =
1

p

�(t)�(t0)

"

n

⌦

b2⇣(t0)
↵

e⇣(t+t0�2t0)
o

+ 2T

Z

min(t,t0)

t0

�(t00)
n

e⇣(t+t0�2t00)
o

dt00
#

.

(II.65)

Here, {· · · } is still defined by (II.60) but we omitted the subscript.

The state parameter �(t) can be computed self-consistently from the spherical

constraint C(t, t) = E . From (II.65), this latter constraint gives us:

E�(t) = �

b2⇣(t0)e
2⇣(t�t0)

 

+ 2T

Z t

t0

�(t00)
n

e2⇣(t�t00)
o

dt00 , (II.66)



57

which is a Volterra integral equation of the second type. Actually, by the means of

a Laplace transform, (II.66) can be solved explicitly for �(t). To check consistency,

one can also recover the equilibrium equation of state for t = t
0

= 0 by taking the

ensemble-average of both sides which is, for any quantity f , defined as:

hfi =

Z

fe��H

Z
.

So we obtain:

E =
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=
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>

>
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=
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;

=

B
Z

�1

p(x)

�(l � x)
dx ,

where we used
R

x2e�ax2
dx =

p
⇡

2a3/2
. This is exactly what we obtained before in (II.44).

To be consistent with spin glass concepts and terminology, we can conveniently

make the substitution t ! tw + 2⌧ and t0 ! tw where tw is usually referred to as ’the

waiting time’. In the following, we also take the quench time to be 0. Now, by using

(II.66), the correlation function takes the more convenient form:

C(tw+2⌧, tw)) =
E

p

�(tw)�(tw + 2⌧)



�(tw + ⌧)� 2T

E
Z t

w

+⌧

t
w

�(t00)
n

e2⇣(tw+⌧�t00)
o

dt00
�

.

(II.67)

By direct calculation, the Reader can verify the following:

� 1

E lim
⌧!0

@C(tw + ⌧, tw)

@⌧
= T . (II.68)

Therefore, we proved that in this regime, the fluctuation-dissipation theorem (FDT)

holds (in the dynamical theory of the spherical p-spin model, the regime where t and

t0 are both large but are close to each other, i.e. t0 � t/t ⌧ 1, is called the FDT
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regime; however, here we did not make the assumption of t and t0 being large). (II.68)

makes it possible to obtain the temperature by simply measuring the time-domain

correlation function of the modes, which is experimentally available.



Chapter III

Ab initio analysis of light

condensation in the localized

regime

As we discussed in chapter I.1., numerical simulations can provide an ideal platform

to observe subtle phenomena in disordered photonics. The parameters of the system

can be arbitrarily adjusted and the interpretation of the data is more straightforward

than in experiments.

In the following chapter, we numerically investigate the phenomenon of light

condensation in the (strongly) localized regime. The main objectives are to

1. construct disordered samples suitable for FDTD simulations and characterize

them in terms of quantities relevant to light localization (e.g. localization length,

transport mean-free path)

2. find a suitable method to measure the thermodynamic parameters of the system

introduced in Chapter II. (Edwards-Anderson parameter, temperature)

59



60

3. ultimately, to observe light condensation and relate the theoretical predictions

to the numerical results.

To order to achieve those objectives, we launched a massively parallel simulation

campaign on our Blue Gene supercomputer. Details of the simulations are discussed

below.

We utilize the numerical code NANOC++, which is a comprehensive FDTD

simulator written with state-of-the-art C++ techniques for the ab initio parallel

simulations of Maxwell’s equations. It is designed to scale up to hundreds of thousands

of processors. It features:

• 2D and 3D FDTD (with a single interface)

• uniaxial perfectly matched layers for the absorbing boundary conditions

• di↵erent types of sources: point sources, TFSF plane wave, TFSF realistic

Gaussian, supercontinuum frequency comb, single pulse

• energy calculations and Poynting-vector analysis

• far-field calculations with the time-domain near-to-far-field transformation

• input of arbitrary geometries

• can be used as an FDTD library to perform more advanced electrodynamics

parallel calculations, e.g. in place Fourier analysis, optical forces etc.

• higher level user interface

Some simulations for structure and parameter optimization were done on a Dell

workstation (12 cores) and on our own local cluster (The Red Dragon, 480 AMD

Opteron cores). Observing localization and condensation e↵ects, however, requires
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large structures (samples) and, in turn, modeling and simulating large disordered

structures require significant amount of computational power. For this reason, the bulk

of the simulations were run on the Shaheen Supercomputer, operated and maintained

by the KAUST Supercomputing Laboratory. Shaheen is the largest and most powerful

supercomputer in the Middle East (as of 2013), achieving a theoretical peak of 222

Tflop/s. It consists of 16 racks of Blue Gene/P, a leading edge system by IBM. Each

rack contains 1024 quad-core, 32-bit, 850 MHz PowerPC compute nodes, for a total of

65,536 compute cores. Each node is equipped with 4GB of system memory, providing

a total 64TB of distributed memory across the resource.

Figure III.1 Racks of the Shaheen IBM Blue Gene/P Supercomputer. Picture courtesy:

KAUST High Performance Computing Lab.

III.1 Remarks on the FDTD methods

The fundamental underlying mathematics for FDTD can be found in [69], which forms

the core of the simulation methods employed by NANOC++. Only a short description

and remarks are mentioned here.

In the standard FDTD method, the Maxwell curl equations are approximated by
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their respective finite di↵erence equations, as in Chapter 3.6.3 in [69]. For the spatial

discretization, NANOC++ uses the most common Yee-grid (3D version shown in

Figure III.2) where each electric field component is surrounded by circulating magnetic

field components and vice versa. This enforces the divergence equations. The standard,

staggered - the E and H fields are updated at di↵erent times - leapfrog time-marching

is used. During the simulations, a minimum of 20 grid points per lowest wavelength

(lowest wavelength we want to resolve) in the high refractive index medium (scatterers)

is used, to guarantee high accuracy of numerical calculations.

Figure III.2 The unit cell of the Yee-grid, employed by NANOC++. The vector components

of E and H are o↵set from each other in space.

Being a time-domain technique, FDTD possesses the advantage of modeling

broadband sources, which we will directly exploit (in most of the work, we used a

broadband Gaussian source).

Total field / scattered field (TF/SF) technique

The TF/SF formulation is used to create arbitrary incident plane waves. The TF/SF

technique uses the linearity of Maxwell’s equations and expresses the total electric and

magnetic fields as Etotal = Eincident +Escattered and same for H. Eincident and Hincident

are the values of the incident-wave fields, assumed to be known at all points at all

time-steps. Escattered and Hscattered are the scattered-wave fields, resulting from the
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interaction of the incoming wave with any material in the space lattice. Therefore,

the Yee-grid is zoned into two distinct regions, as shown in figure III.3a. In the total

field region, the Yee-algorithm operates on the total field vector components and in

the scattered field region, it operates only on the scattered field. Exact formulation is

in Chapter 5.6 in [69].

interacting structure

connecting surface

total fields

scattered fields

1

(a)

(E1,H1)

(✏0, µ0)

S

M1

J1

(✏0, µ0)
(E1,H1)

(0,0)

(✏0, µ0)

S(✏0, µ0)
(E1,H1)

n̂

MS = �n̂⇥E1

JS = �n̂⇥H1

1

(b)

Figure III.3 Visualization of the TF/SF technique for source generation and the surface

equivalence theorem for the farfield calculations.

UPML for absorbing boundary conditions

To simulate the computational domain as an infinite one, absorbing boundary con-

ditions must be introduced at the outer lattice boundary. Therefore, a uniaxial

anisotropic medium having both magnetic and electric permittivity tensors with loss

is introduced as an outer layer (UPML). The formulation can be found in Chapter 7.5

in [69]. In particular, a 4th order polynomial grading for the UPML loss parameter

profile was used. The thickness of the UPML was 20 points on each side for all the

simulations, which was tested to be su�cient and optimal. The reflection factor at

perpendicular incidence was chosen to be e�26 (designated as R(0) in 7.62 in [69]).

Far-field calculations
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The far-field is obtained with the time-domain near-to-far-field transformation [69].

By the surface equivalence theorem, the fields outside an imaginary closed surface

S are calculated by placing electric and magnetic current densities over the closed

surface to satisfy the boundary conditions. These currents are chosen so that the

fields inside S are zero and outside are equal to the radiation produced by the actual

sources (see figure III.3b). The accuracy depends on the knowledge of the tangential

components of the fields over S; therefore, in order to obtain the far field radiated by

the modes of our structure in use, we will choose the far field box to be very close to

the actual photonic medium (see setup in figure III.5).

III.2 The computational domain and sample con-

struction

The samples are constructed by introducing positional disorder to an initially periodic

system with circle-shaped scatterers. The lattice constant for the ordered system was

chosen to be a = 0.9µm with scatterer radius r = 0.15µm (if not explicitly stated

otherwise). This gives a filling fraction of about ⇡ 8.7%. The parameters were chosen

based on previous numerical work for optimization (as there is a tradeo↵ between

the amount of positional disorder we can introduce and the size of the scatterers,

the number of lattice points etc.) and we also took into consideration previous and

possible experimental setups (for example, in the work of D. S. Wiersma et al [81] for

the observation of light localization, scatterer size from 300nm to 1µm was used with

an illumination wavelength of 1064nm). The center of each scatterer is then moved

randomly according to a Gaussian distribution, i.e. the new position vectors become:

ri = r
0

i

+�ri , �ri = (xi, yi) , xi, yi 2 N (0, �) , (III.1)
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for each of the scatterers. During the generation of the geometry, it is ensured that the

scatterers do not overlap and a minimum distance of 2.2r is maintained between them

(a while loop is iterated until this condition is satisfied). The background material is

chosen to be air (refractive index 1). Figure III.4. shows a part of the ordered and

disordered sample.

(a) � = 0 (a photonic crystal) (b) Sample with � = 20%

Figure III.4 An ⇡ 20µm⇥ 20µm part of the samples constructed (the % is with respect

to the lattice constant). The background material (blue) has refractive index 1 (air)

There are two ways of enhancing disorder and thus the multiple scattering. First,

we can fix the refractive index of the scatterers and simply increase �, the standard

deviation of the Gaussian distribution from which the positional disorder was drawn.

This seems the most straightforward; however, it introduces various problems. One of

them comes from the restriction that the scatterers should not overlap. This results in

an artefact that above a certain �, the e↵ective amount of disorder will not increase

(because the probability of overlapping will increase and therefore the probability

of recalculating the location of the scatterer). The other problem is related to the

photonic bandgap when � is small (i.e. the sample is close to a photonic crystal).

These problems will be discussed in more detail in Chapter III.6).
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The other way to enhance multiple scattering and the turbidity of the sample is to

fix the amount of positional disorder and increase the refractive index of the scatterers

with respect to the background. The higher refractive index increases the di↵erential

scattering cross-section [42], thus enhancing the scattering e↵ect. More scattering

produces more closed loops (see background chapter on Anderson-localization, figure

I.1) and decreases the mean-free path. At some point, the Io↵e-Regel criterion will be

closely approached and we will be in the strongly localized regime. This method avoids

the problems mentioned above, therefore a the analysis and sample characterization

was done in this way.

We choose the size of the computational domain to be 207µm⇥ 229µm. The size

was optimized so that the e↵ects we are interested in are apparent. The size of the

domain is significantly larger compared to other FDTD simulations performed in the

literature (as of now), thanks to our exceptional computational capabilities. A small

amount of air is added between the absorbing boundary and the disordered medium

which makes the TF/SF implementation and the far-field computation easier. Figure

III.5. visualizes the computational domain with basic parameters indicated.

III.3 Sample characterization with varying refrac-

tive index

For this analysis we fixed the positional disorder to be � ⇡ 20% and varied the refractive

index of the scatterers. As we maintain a fixed physical size for the computational

domain and change the refractive index n (from 1.1 up to around 3), the number of

grid points has to change (increase with increasing n) in order to maintain the number

of points per wavelength in the scatterers (� = c/(nf)). In turn, the time step dt in
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207µm⇥ 229µm

TF/SF connecting boundary
Equivalent surface for far-field calculation

198µm⇥ 218.2µm
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DISORDERED PHOTONIC MEDIUM

lattice constant = 0.9 µm
scatterer size = 0.15 µm

Figure III.5 Illustration of the computational domain. The light blue layer between the

UPML and the disordered medium is air (n = 1). The inset shows a zoom of the photonic

structure. In total, there are ⇡ 53338 scatterers. The incoming Gaussian wave (TE) impinges

on the lower facelet, traveling in the z direction. The figure is not in scale for the ease of

labeling.

physical units also changes to have the Courant-Friedrichs-Lewy condition satisfied.

In order to excite a large number of modes, we choose a broadband Gaussian

source with free-space center wavelength �c = 1µm and waist of w = 200nm. Figure

III.6a shows the source in the time and frequency domain.
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Figure III.6 (a) The sine modulated Gaussian source with �

0

= 1µm and w = 0.2�
0

(red

curve: envelope). Insets show the frequency domain and the energy distribution as the

source propagates in free space. (b) Blue curve shows the inverse participation ratio versus

time for n = 2.5, � = 20% with dt = after 5 realizations. The saturation of the IPR is

visible, as expected: the broadband pulse slowly excites the long-living modes. The red

curve (barely visible due to almost complete overlap) is the same for 15 realizations. This

shows that convergence was conveniently achieved.

Localization length

We characterize the samples in terms of the localization length. There are several

ways to measure this quantity : first, we can use the inverse participation ratio (IPR)

defined through:

IPR = hIPR
i

i =
⌧

(
R

V

EdV)2
V
R

V

(E)2dV
�

, (III.2)

where IPR
i

is the IPR of a particular realization of disorder, h· · · i means averaging

and is taken over all the realizations, V is the volume (in our case, the area) of the

sample and E is the electromagnetic energy density given by E = 1

2

(E ·D+H ·B).

This definition of the inverse participation ratio is dimensionless and quantifies the

confinement of the energy [63, 56].

Naturally, the IPR is a time-dependent quantity: the impinging wave slowly excites

the localized, long-living modes which are, after a certain time, also expected to decay
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(this was checked with a smaller, 80µm⇥ 80µm structure where we could run 8 times

more time steps). Figure III.6. shows the IPR versus the time steps for the bigger

structure with typical parameters. Convergence was also confirmed in terms of the

number of realizations (see figure).

To obtain the averaged IPR from simulations, we take a snapshot of the energy

landscape after a fixed physical time - which is preferably long so that only the long-

living modes contribute - for each refractive index and realization of the disorder, and

average over the realizations. The normalized IPR versus the refractive index is shown

on Figure III.7. (after t ⇡ 5 · 10�12s). The IPR decreases with increasing refractive

index, as expected. It is also apparent, that the IPR-refractive index relationship has

a minimum (of around n = 2.7): this agrees well with simulations already conducted

in the literature (and in 1D, the existence of a unique minimum has been proven [56]).
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Figure III.7 The normalized inverse participation ratio versus the refractive index, averaged

over 15 realizations. Error bars indicate the standard deviation. The curve has a single

minimum around n = 2.7, which agrees well with previous numerical simulations and theory

[56].

Secondly, we can observe and measure the localization by analyzing the transmission

property of the samples with respect to the sample depth. As mentioned in the
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(a) n=1.8 (b) n=2.2

(c) n=2.6 (d) n=2.9

Figure III.8 The energy landscape averaged over 15 realizations for di↵erent refractive

indices, taken after t ⇡ 5 · 10�12

s (corresponding to ⇡ 200000 time steps). Red: high

intensity, dark blue: no intensity. The resolution was reduced by a factor of 8 for each

coordinate, to make the visualization possible.

background chapter, the exponential decay of the energy is a hallmark of localization,

therefore, we expect the following form for the transmission:

T (L) = T
0

e�L/l
loc , (III.3)

where L is the sample thickness and lloc is the localization length. It has been shown

before in [57] that, for a wide range of parameters, the IPR is linearly proportional
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Figure III.9 The transmission properties of the samples for three di↵erent refractive indices

(blue: n=1.7, yellow: n=2, green: n=2.7). Main graph was obtained by integrating the

averaged energy landscape (shown in Figure III.8) over x, then employing a moving average

with a span of 5. Inset shows the log-scale plot, fitted with (III.3). Results are summarized

in Table III.1.

to lc in (III.3), therefore it is consistent to use either of them. We checked and

confirmed this consistency and performed the exponential fit for some of the refractive

indices, which is also useful to fix the unit in physical length. Figure III.9. shows

three characteristic T (L) for di↵erent refractive indices. This was calculated from

integrating the averaged energy landscape (shown in Figure III.8) over x. Below

n = 1.7, the exponential fit was hard to perform, the localization is too weak in that

case. The obtained values are summarized in Table III.1.

Estimation of the transport mean-free path
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An important quantity in the study of wave propagation in disordered media is

the mean-free path (MFP) l⇤, which characterizes the turbidity of a medium in the

di↵usion approximation. MFP is the average distance that light travels after which

the intensity distribution becomes isotropic. It can also be defined as the average

depth to which light penetrates while its phase front is still preserved.

The transport mean-free path can be estimated from the so-called enhanced

back-scattering cone, which is a manifestation of coherent interference in the exact

backscattering direction. The cone is defined as the ratio of the emerging backscattered

energy (per unit time and unit solid angle) and the incident energy flux. It can be

shown that the cone around the exact back-scattering direction has the following form

(also known as the albedo) [6]:

↵(✓) =
3

8⇡

"

7

3
+

1

(1 + ql⇤)2
·
 

1 +
1� e�

4
3 ql

⇤

ql⇤

!#

, (III.4)

where q = 3⇡✓.

We performed simulations to measure the cone in the far-field, taking a ±�8 angular

aperture around the exact backscattered direction (�180), 100 angles in total. In order

to avoid the direct backscattering of the input wave, the lower facelet of the structure

was tilted by �15. The aim of this analysis is only to show that for a fairly wide

range of refractive indices, we are not far from the Io↵e-Regel criterion, therefore the

localization is strong (below a certain k vector). To observe the cone, a large number

of realizations is required; therefore, the cone was obtained for only 3 refractive indices.

However, for most of the refractive indices, a monotonic relationship between l⇤ and

n has been established before in the literature and close to the strong localization

regime, a linear relationship was shown between the localization length and l⇤[57]. We

can use these for estimation of the MFP for refractive indices where the cone was not
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calculated. Figure III.10. shows the backscattering cones for n = 1.6 and n = 2, fitted

with (III.4). The results are contained in Table III.1.

(a) (b)

Figure III.10 The calculated far-field intensities around the exact backscattered direction

(�180), after averaging over 20 realizations for n = 1.6 and n = 2. The albedo (III.4) was

fitted to obtain the red curves, which contain information about the transport mean-free

path of the samples. The results are collected in Table III.1.

III.4 Measuring the Edwards-Anderson parameter

In Chapter II. we showed that a disordered photonic system can undergo a phase

transition. This essentially means that under a critical temperature, the energy

distribution among the modes significantly changes: instead of being equally distributed

- on average - among the modes, a single mode (which was denoted by SB, its energy

by hS2

Bi and we called it the Edwards-Anderson parameter or self-overlap) will gain

more energy; in fact, hS2

Bi will linearly grow as the temperature decreases below Tc.

For each refractive index, we measure the Edwards-Anderson parameter. In order

to do this, we put probes inside the medium and calculate the (local) density of states

(L.D.O.S) for each of them. The density of states is defined as:

L.D.O.S = |THR|2 =
�

�

�

�

FFT(probe)

FFT(source)

�

�

�

�

2

,
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n IPR lc from T (L) kl⇤ n IPR lc from T (L) kl⇤

1.5 1.00 112 2.3 0.52 65
1.6 0.90 103 22.1 2.4 0.51 63
1.7 0.80 99 2.5 0.49 61 9.6
1.8 0.72 90 2.6 0.48 58
1.9 0.67 82 2.7 0.47 58
2.0 0.62 77 16.7 2.8 0.48 59
2.1 0.58 71 2.9 0.505 61
2.2 0.55 70 3.0 0.509 60 4

Table III.1 Summary of the results of sample characterization: for each refractive index,

we calculated the localization length (indicated the normalized IPR and the decay factor of

the transmission in µm), and for some n, the transport mean-free path was also obtained

from the backscattering cone. kl⇤ was indicated for the highest spatial frequency we want to

resolve in the spectrum. The light gray background indicates that the value was estimated

from the linear IPR-lc relationship.

where THR abbreviates the time-harmonic response, i.e. the response of the system

for a single frequency - plane wave - excitation. As we used a broadband source and

not a plane wave, the response needs to be normalized by the input Gaussian. The

peaks in the THR can be attributed to modes of the system. We perform an analysis

on the peak statistics for many probes (as the spectra of the probes is not constant

with respect to the location.), located in the area where the intensity is high, i.e.

within the localization length (outside this area, the fields are low and the calculation

of the THR will be inaccurate). Figure III.12. shows a typical example of the density

of states, for n = 2.1. For the statistics, we identify all the peaks (above a certain

threshold, which was set to be the highest peak/100), their position and amplitude.

We are specifically interested in the amplitude of the dominant mode (highest peak)

divided by the sum of the amplitudes of all the modes (total energy), which is the

normalized EA-parameter hS2

Bi /E . The total energy E was calculated by summing

over the amplitudes of all the modes. Figure III.11. shows the results. It is apparent

that below a certain n (around 1.55), the values are constant and then a roughly linear
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bars indicate the standard deviation with respect to the disorder-average.

trend kicks in.

III.5 Measuring the temperature and the phase

transition

By referring back to equation (II.36), the temperature of the system is related to the

fluctuations outside of the photonic medium. With increasing disorder, the ability

of the medium to ”store” the energy through the long-living, localized modes is

enhanced. Therefore, we expect that the temperature decreases as we approach

the strongly localized regime. We measure the temperature with the help of the

fluctuation-dissipation theorem, which was shown to hold in II.5. As a reminder, FDT

relates the temperature to the derivative of the time-domain correlation function of

the modes:

� 1

E
@C

@⌧

�

�

�

�

⌧!0

= T, (III.5)
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Figure III.12 Analysis of the local density of states for a specific probe (n = 2.1). The

green dots are the identified peaks, corresponding to the modes of the system (in this case,

there are 138 peaks). Inset shows a zoom in the frequency range of [225, 270]THz, where

the dominant mode is located.
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Figure III.13 The temperature, calculated from the fluctuation-dissipation theorem, versus

the refractive index. As the refractive index increases (and the localization length decreases),

the temperature decreases.

where the correlation function was defined as C(t, t0) =
1

N

n

PN
n han(t)an(t0)i

o

J
. The

correlation function of the modes was calculated in the far-field, for 100 angles in

the range of ✓ 2 [⇡/3, 2⇡/3] [ [4⇡/3, 5⇡/3] (so we avoid the direct reflection of the

source and so the measurement provides information purely about the modes). The

advantage of this method is that by performing an integration on the equivalent surface,

the far-field computation already averages mode dynamics [69]. Then, we perform

a numerical di↵erentiation and calculate the disorder-averaged temperature for each

refractive index according to (III.5). These results are shown in Figure III.13. The

temperature of the system decreases as the ability of the system to localize increases.

Now, we can relate the Edwards-Anderson parameter to the temperature. This
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is shown in Figure III.14. It is apparent that there exists a temperature where the

trend significantly changes: the system makes the transition from the paramagnetic

phase, to the condensed phase, where hS2

Bi /E is linearly growing with decreasing

temperature. This is in good agreement with the theory. However, some deviations

from equation (II.55) should be noted. In the paramagnetic phase, we do not have

hS2

Bi = 0. Rather, we have that hS2

Bi is slightly greater than 1/N (N is the number

of modes; in those points, the number of modes is roughly 50, so we would expect

hS2

Bi /E ⇡ 0.02 but in real systems there is always a dominant mode, which is slightly

larger than the others). Moreover, at the theoretical point at T = 0, we would not get

hS2

Bi /E = 1; even at zero temperature, the energy on the condensed mode is still quite

low. These deviations can be associated with the fact that the theory was derived

in the thermodynamic limit where the number of modes is very large. However, in

practice and especially in simulations, that is not achievable. We also note that there

can be an ambiguity in the calculation of the temperature as it involves taking the

limit ⌧ ! 0 after the numerical integration of the correlation function. However, in

numerics, taking this at exactly zero is not really meaningful. Therefore, we take it

after one optical cycle (which is a very short time, / O(10dt)), but we can choose

where exactly we take it. This does not change the behavior shown in Figure III.13.,

and therefore the phase transition, but can shift the actual values for T .
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Figure III.14 The plot of the Edwards-Anderson self-overlap versus the temperature,

normalized by the critical temperature at the phase transition point. Lower temperature

corresponds to smaller localization length (i.e., increasing degree of localization) and this is

indicated on the upper axis (calculated from IPR) . Above TC , the system is in a paramagnetic

phase: all the modes are randomly oscillating in time and, on average, contribute equally

to the total energy. Below TC , the energy starts to accumulate on a single mode. The

simulations establish this transition and show that on average, the Edwards-Anderson

parameter grows linearly as the temperature further decreases. Insets show an example of

the local density of states for the two distinct phases.
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III.6 Varying the positional disorder: remarks

As we mentioned before, one way of increasing the disorder is to increase the standard

deviation � in (III.1). We briefly mentioned the problems arising from this approach,

which we analyze here in more detail.

One problem is that a disordered photonic crystal, by definition, cannot be

arbitrarily disordered. It has an underlying ordered structure, a lattice and it should

be ensured that the scatterers do not overlap (otherwise, the structure would be more

appropriately called a photonic glass [33]). In our case, the circle-shaped scatterers

must maintain a distance of 2.2r, calculated from the center. When placing each

scatterer, a while loop is iterated until this condition is satisfied. This condition is

natural to impose but it restricts and amount of disorder we can have (the larger the

�, the greater the probability of reiteration).

In the following, we fix the index of refraction to be n = 2.5. Figure III.15. shows

the IPR versus the standard deviation � (from a certain non-zero value). It is apparent

that the curve flattens out after � ⇡ 20%, the IPR is constant, which means that the

localization cannot be further enhanced by increasing �. However, we do not see the

unique minimum either (compare with Figure III.7.), which suggests that the behavior

is an artifact from the sample construction.

Figure III.16. shows the energy landscape after a certain time, averaged over 15

realizations of the disorder. In the ordered case (� = 0), the system only supports

Bloch modes, and the wave simply passes through.

Now we can analyze the local density of states. It is well known that a photonic

crystal possesses band gaps, states which are not supported by the structure. This

can be clearly seen in Figure III.17 (source is Gaussian centered at 1µm with a

waist of 0.1). Then, as we increase the disorder, the band gaps slowly disappear.
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Figure III.15 The normalized inverse participation ratio versus �, averaged over 15

realizations. Error bars indicate the s.t.d (the error is reduced compared to IPR versus

n). Instead of having a unique minimum, the IPR is flat after � ⇡ 20%, which could be a

numerical artifact coming from the method the samples were constructed.

However, this produces bias in the peak statistics and makes it di�cult to measure

the Edwards-Anderson parameter due to the change of the decreasing temperature.

In conclusion, changing the index of refraction for a fixed � was more suitable for this

simulation campaign.
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(a) � = 0% (b) � = 11%

(c) � = 18% (d) � = 29%

Figure III.16 The energy landscape averaged over 15 realizations for varying positional

disorder (% is with respect to the lattice constant), taken after t ⇡ 6 · 10�12

s. Red: high

intensity, dark blue: no intensity. The resolution was reduced by a factor of 8 for each

coordinate, to make the visualization possible. � = 0 corresponds to a photonic crystal (see

Figure III.4a.), and the system only supports extended (Bloch) modes (therefore, the wave

has already passed after t ⇡ 6 · 10�12

s and we can only see some noise).
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Figure III.17 Density of states for increasing amount of positional disorder. The photonic

band gaps slowly get populated.



Chapter IV

Conclusions and outlook

In this Thesis, we studied light condensation in passive disordered photonic resonators

and its connection with the localization of light. This is a new type of condensation

in classical systems, which is supported only by disorder, rather than nonlinearity,

dispersion and/or gain and, to the best knowledge of the author, has not been addressed

yet in previous literature. We formulated a theory, which starts from the generic

Maxwell’s equation. Then, by employing the Feshbach projection technique - originally

developed to tackle quantum chaotic scattering and, later, to quantize open optical

cavities -, we remove the degrees of freedom from the environment. The system is then

mapped to the spherical p-spin model with p = 2, a simple model of a spin glass, which

is constrained to spins interacting by pairs. In our case, the spin variables are replaced

by the modes of the resonator and the temperature takes the role of the fluctuations

of the channel space (outside region). We studied the thermodynamics of photons

at equilibrium; our specific interest was at low temperatures, which correspond to

small fluctuations and strong localization. We showed that at a critical temperature,

the system can undergo a phase transition from a paramagnetic state (all the light

modes are independently oscillating and equally contributing to the energy budget) to
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a condensed state (energy starts to condensate on a specific mode). This is in analogy

with the condensation of an ideal 3D Bose gas, in which the ground state obtains

macroscopic amount of energy below the critical temperature, according to a power

law. We also derived the time domain correlation function and showed a regime where

the fluctuation-dissipation theorem holds.

We launched a massively parallel simulation campaign using our own FDTD

simulator, on the Shaheen supercomputer to further investigate our findings. We

constructed large disordered photonic crystal samples and characterized them in terms

of localization. In each of the samples, the positional disorder was fixed and the

refractive index of the scatterers was varied. Then, with the aid of the theory, we

measured the relevant thermodynamical quantities (the Edwards-Anderson self-overlap

and the temperature) and interpreted the change of behavior in the Edwards-Anderson

parameter versus temperature as a phase transition. The transition is apparent in

the spectra of the probes inside the resonator: in the paramagnetic phase, it consists

many equal peaks, while in the condensed phase, the spectra simplify to a few sharp

peaks.

We observed some deviations from the theory, which originated from the fact

that the theory was derived in the thermodynamic limit, while, in practice, we deal

with finite samples. On the other hand, there could be errors coming from the peak

statistics. The modification of the theory to include finite-size e↵ects will be included

in future work.

We should also note that in the simulations, we do not have a direct control on the

temperature. This can be changed by varying the refractive index of the scatterers,

and therefore by changing the localization. However, with our samples, we cannot

arbitrarily increase or decrease the disorder and the localization. For example, if we

choose a su�ciently low refractive index, then the modes will not be formed. Therefore,
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in order to have a greater freedom in the range of temperature, we would need to

experiment with di↵erent geometries.

It would be also worthwhile to explore the dynamical properties of the system. In

the dynamics, spin glasses exhibit many interesting phenomena such as weak ergodicity

breaking or aging. The paramagnetic and condensed phases should also be manifested

in the dynamical behavior of the correlation function, which can be studied in the

theory. However, to analyze it in simulations would require an observation time

(number of time steps) far longer than what is in the reach of numerical capabilities

(at least in 2D).

Importantly, in future work, we will perform experiments to confirm the predictions

of the theory in practice. This naturally brings up many additional challenges but the

author of this Thesis believes that there is no reward without a great challenge.
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[25] G. Düring, A. Picozzi, and S. Rica. Breakdown of weak-turbulence and nonlinear

wave condensation. Physica D, 238:1524–1549, 2009.

[26] S. M. Dutra and G. Nienhuis. Derivation of a Hamiltonian for photon decay in a

cavity. Journal of Optics B: Quantum and Semiclassical Optics, 2(584), 2000.

[27] A. I. Dyachenko, V.E. Zakharov, A.N. Pushkarev, V.F. Shvetz, and V.V. Yankov.

Solitonic turbulence in nonintegrable wave systems. Sov. Phys. JETP, 69:1144–

1162, 1989.

[28] A. Einstein. Quantentheorie des einatomigen idealen Gases. Sitzungsber. Kgl.

Preuss. Akad. Wiss., 1924.



90

[29] H. Feshbach. Unified theory of nuclear reactions. Annals of Physics, 5:357–390,

1958.

[30] H. Feshbach. A unified theory of nuclear reactions. ii. Annals of Physics, 19:287–

313, 1962.

[31] B. Fischer and R. Weill. When does single-mode lasing become a condensation

phenomenon? OPTICS EXPRESS, 20(24), 2012.

[32] M. Florescu, S. Torquato, and P. J. Steinhardt. Designer disordered materials

with large, complete photonic band gaps. Proceedings of the National Academy

of Sciences, 106(49):20658—20663, 2009.
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