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ABSTRACT

Quantum-Classical correspondence in nonlinear

multidimensional systems: enhanced diffusion through soliton

wave-particles.

Danilo Simoes Brambila

Quantum chaos has emerged in the half of the last century with the notorious

problem of scattering of heavy nuclei. Since then, theoreticians have developed pow-

erful techniques to approach disordered quantum systems. In the late 70’s, Casati

and Chirikov initiated a new field of research by studying the quantum counterpart

of classical problems that are known to exhibit chaos. Among the several quantum-

classical chaotic systems studied, the kicked rotor stimulated a lot of enthusiasm in

the scientific community due to its equivalence to the Anderson tight binding model.

This equivalence allows one to map the random Anderson model into a set of fully

deterministic equations, making the theoretical analysis of Anderson localization con-

siderably simpler. In the one-dimensional linear regime, it is known that Anderson

localization always prevents the diffusion of the momentum. On the other hand, for

higher dimensions it was demonstrated that for certain conditions of the disorder pa-

rameter, Anderson localized modes can be inhibited, allowing then a phase transition

from localized (insulating) to delocalized (metallic) states.
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In this thesis we will numerically and theoretically investigate the properties of

a multidimensional quantum kicked rotor in a nonlinear medium. The presence of

nonlinearity is particularly interesting as it raises the possibility of having soliton

waves as eigenfunctions of the systems. We keep the generality of our approach

by using an adjustable diffusive nonlinearity, which can describe several physical

phenomena.

By means of Variational Calculus we develop a chaotic map which fully describes

the soliton dynamics. The analysis of such a map shows a rich physical scenario that

evidences the wave-particle behavior of a soliton. Through the nonlinearity, we trace

a correspondence between quantum and classical mechanics, which has no equivalent

in linearized systems.

Matter waves experiments provide an ideal environment for studying Anderson

localization, as the interactions in these systems can be easily controlled by Feshbach

resonance techniques. In the end of this thesis, we propose an experimental realization

of the kicked rotor in a dipolar Bose Einstein Condensate.
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Chapter I

Introduction

I.1 Quantum Chaos

Chaos manifests in classical Mechanics whenever there is local instability of motion

i.e., two sets of initial conditions x and x + ε have a completely different evolution

for arbitrary non-null values of ε. Chaos has the curious property of mixing i.e., the

time reversibility no longer holds even if there are no random parameters present in

the equations of motion. For a simple example of mixing, simply suppose a surjective

mapping of a 1-D system into itself. After just a few iterations, one cannot say which

were the exact initial conditions of the system.

The field of quantum chaos arises as a natural generalization of classical Mechan-

ical systems where chaos is known to manifest. quantum Mechanics is indeed a more

general and precise description of nature, which culminates in the classical Mechanics

whenever the wavelength (λ) involved in the system tends to zero. An alternative

way to establish the quantum-classical link, is to suppose the Plank’s constant (~) as

a variable ranging from 6, 62 · 10−34 → 0. For ~ = 6, 62 · 10−34 only the quantum laws

are capable to correctly describe a system. For ~ = 0 all the classical features are

restored and the quantum laws can be neglected. Whenever 0 < ~ < 6, 62 · 10−34, a

9
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system can be described by the so called semiclassical laws, where both quantum and

classical mechanics contributes to the general behavior of the system. Note however

that the equivalence between chaotic quantum and classical systems is not straight

forward as many concepts in classical Mechanics are no longer true in the quantum

limits. For example, the classical intuition of particles and trajectories do not have

any quantum counterpart. On the other hand, tunneling is a pure quantum effect,

which does not have any sense in classical Mechanics. Indeed, for many years experts

refer to quantum chaos as wave chaos or wave chaoticity, due to the lack of equivalence

between wave based quantum chaos and the particle based classical chaos.

I.1.1 The nuclear spectra and the birth of quantum Chaos

In the 1930’s several experiments on neutron scattering by light nuclei of 232Th were

conducted by Fermi et al ., in Rome [1]. Their main contribution was the observation

of narrowly spaced narrow resonances, corresponding to the absorption spectra of the

232Th nuclei. As pointed out by Bohr, the interpretation of this result by means of

a non-interacting model leads to resonance distances orders of magnitude below the

experimental data. A correct approach, should then consider the strong nonlinear

interactions of the nuclei constituents.

In 1955 Wigner has successfully tackled the nuclear spectra problem using the so

called Random Matrix Theory (RMT)[2]. Wigner proposed a set of general Hamil-

tonian matrix Hi based on the symmetries of the non-integrable system, and the

time-reversibility of the nuclei. The key step taken by Wigner was to analyze the

whole ensemble of
∑
Hi instead of each of the Hi. Furthermore, Wigner conjectured

that the elements of the
∑
Hi should obey a gaussian distribution dependent on

the specific symmetries of the analyzed system. In 1962 Dyson demonstrated the

existence of three canonical matrix ensembles: the Gaussian Orthogonal Ensemble

(GOE), the Gaussian Unitary Ensemble (GUE), and the Gaussian Sympletic En-
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semble (GSE) [3][4][5]. Each of these gaussian ensembles result in different energy

spacing distributions, which are in extremely good agreement with a vast range of

experiments in quantum Chaos [6][7][8][9].

I.1.2 Chaotic Billiards

For over 40 years the experimental observation of quantum chaos was restricted to

the nuclear spectra experiments on the 1930’s, and the experiment of hydrogen atoms

subject to strong microwave [10] and magnetic fields [11][12] in the 1970’s. In the

early 1990’s Stockmann et al ., took advantage of the isomorphism between the Time-

Independent Schrödinger’s and Helmholtz’s equations to propose the use of microwave

cavities, which simulate a quantum Chaotic environment in the centimeter’s scale

[13][14].

Microwave cavities are particularly interesting because of its low cost and ex-

tremely high quality factor. Furthermore, the experimental techniques in microwaves

at those days allowed a precise determination of the eingenvalues of the cavity, out-

standing from other previous attempts. With the latest advances in optics, current

research on chaotic cavities concentrates on the lifetime statistics of the modes, and

the possibility of having several open channels [15]. Recently, Di Falco et al . fabri-

cated a 2-D chaotic billiard in a photonic crystal and they have observed a perfect

matching between the experimental data and the Random Matrix Theory [16].

I.2 The kicked rotor

In the 1970’s theoreticians started to study the quantum equivalent of some well

known systems that exhibit chaotic motion in classical mechanics. In 1976 Casati

et al were the first to analyze one of the simplest known models: the kicked rotor.

Classically, the kicked rotor is the simple problem of a periodically kicked pendulum
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(see Figure I.1). The phase space of such a system is described by the so-called

standard map, and the characteristics of the map are driven by the kicking strength

(k) and the period of the kicks (T ). For an increasing value of kT the regular orbits

of the phase space are twisted, and the separatrices of the system are gradually

destroyed. In between two neighboring separatrices, seas of chaotic motion can be

detected. As kT increases further, the region of chaotic motion becomes larger until

it fully dominates the phase space.

Figure I.1: The kicked rotor

The classical kicked rotor has its last invariant tori destroyed when kT ∼ 0.97. For

a chaos parameter above this critical value, chaotic motion dominates all the phase

space [8]. For moderate values of kT the phase space has Cantori islands in which the

particle tends to stick every once in a while. In these conditions, an average over an

ensemble of initial conditions shows a fractal diffusion of the particle’s kinetic energy.

For kT >> 1 the phase space is fulfilled by chaotic orbits and the kinetic energy of

the rotor is diffusive, obeying a random walk model. The quantum generalization of

the kicked rotor is described by

i~
∂Ψ(θ, t)

∂t
= L2Ψ(x, t) + ksin(θ)

∞∑
m=−∞

δ(t−mT )Ψ(θ, t) (I.1)

with L2 standing for the square of the angular momentum operator. The solution

of Eq.I.1 is widely discussed in literature and as shown by Casati et al ., [17][18]

the quantum kicked rotor has a simple discrete map. By numerically iterating such
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a map in conditions of high chaos, one can find that the kinetic energy diffuses in

accordance with the classical results up to a time t∗ ∝ log ~/λ, (λ being the positive

Lyapunov exponent) and then saturates, in a clear contrast with the classical situation

where the diffusion is unbounded. The saturation happens due to self-interference

effects, and results in a constant mean kinetic energy < ψ|L2|ψ > of the rotor after a

period of initial diffusive growth. Another important point to be stressed is that the

quantum kicked rotor exhibits a dynamics independent of its initial conditions. This

characteristic can be better understood if we think of the rotor as a confined wave,

which tends to resonate in accordance with the boundary conditions of the system.

I.2.1 Transport properties of the quantum kicked rotor

At strong chaos conditions the classical kicked rotor has a linear diffusive kinetic

energy (< K >= αt) in accordance with the behavior of a random walk model. In

such a situation, a perfect analogy can be established between the kicked rotor and a

simple random walk and the transport is said to be regular. For any diffusive growth

in discrepancy with the linear regime, i.e. < K >= αtβ, with β 6= 1, the transport

is defined as Anomalous. In the context of the quantum kicked rotor, Anomalous or

Regular transport are meaningless for a time greater than t∗. Hence, the studies on

transport properties of the quantum kicked rotor limits itself up to the time t∗ where

the energy pattern of the quantum and the classical kicked rotor are similar. In most

of the cases of full chaotic regime, the initial evolution of the quantum kicked rotor

is linear, in agreement with the usual classical case. Nonetheless, for very specific

situations the momentum of the rotor exhibits ballistic growth due to the effect of

quantum Resonances. Another interesting case arises when studying the kicked rotor

in moderate chaotic regimes, where the classical phase space has a mix of chaotic and

regular orbits. In this case both the classical and the quantum kicked rotor exhibits

fractional diffusion of the momentum.
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Despite of the well understood phenomena of quantum Ressonances, the analysis

of the mixed-phase space of the rotor is still an open problem, which has been investi-

gated recently by many theoreticians. In the following paragraphs, we briefly present

the most recent results concerning the Anomalous Tranport properties of the rotor.

Quantum resonances

The phenomenon of quantum resonances in optical lattices corresponds to the sit-

uation where an expanding wave packet breaks up periodically into many localized

copies of the initial wave. An interesting consequence of such an effect is that the en-

ergy of the system exhibits a ballistic diffusion. quantum resonance in the kicked rotor

was first demonstrated in 1979 by Izrailev [19]. However, just recently it was possible

to experimentally observe such a phenomena, with the use of Magneto-Optical Traps

(MOT) and Laser interference optical-lattices [20][21][22][23]. The existence of the

resonances in the quantum kicked rotor is strictly dependent on the effective Planck’s

constant ~̃ = 4Tk2
L~/m (2kL is the reciprocal lattice vector, T is the period of the

kicks) , which determines ”the magnitude of the quantized momentum transfer due

to the lattice, relative to the momentum required to move one lattice spacing in one

kick period”[20]. Whenever ~̃ = 4πr/s with r, s ∈ N, quantum resonances take place,

and the value of s determines the number of copies that will appear periodically and

also the order of the resonance. Experimentally, ~̃ can be controlled by the period

between consecutive kicks, allowing then a straight forward method for generating

higher order resonances[20].

In experiments involving ultra cold atoms in 2005, Weimberger et al . [24] have

theoretically demonstrated the possibility of observing quantum resonances of the

kicked rotor in a harmonic trap of a typical BEC. In 2006 Ryu et al .[25] realized such

an experiment, and they were able to see even high order resonances.



15

Mixed phase space analysis

Classicaly, anomalous transport occurs when chaotic and regular orbits simultane-

ously populate the phase space. In this case the particle alternates its phase space

coordinates between regular islands and chaotic orbits causing then anomalous diffu-

sion [26] [27] . An analogous behavior in quantum Chaos was investigated by Matra

and Heller [28] quantum kicked rotor in a region of moderate chaos. By analyzing

the distribution of momentum Y (p, t → ∞) ∼ exp(−|p|/L) with L being the local-

ization length (or equivalently, the Lyapunov exponent) that scales with ~σ, Maitra

and Heller suggested that regions with σ > 0 and σ < 0 are related to tunneling and

dynamical localization respectively.

Geisel et al ., studied the limit kT ∼ 0.97 in the vicinity of the golden Cantori.

They have shown that L ∼ ~0.66 [29], in good agreement with previous works on the

classical kicked rotor [30], where the authors have found a scaling exponent ∼ 0.65.

This led to the conclusion that the scaling factor was a ”signature of the golden ratio

exponents”[29]. More recently, Wang et al ., [31] proposed the analysis of the localiza-

tion length in the Double-kicked Particle rotor, a variation of the standard quantum

kicked rotor where two simultaneous kicks differ by a phase factor. Whenever the

phase difference between the kicks is random, the Double-kicked Particle model be-

comes a randomized-pair, with no Cantori islands in its phase space. By doing a

comparative study between a mixed phase space of the Double-kicked Particle and

the fully chaotic orbits of the randomized-pair, Wang et al . have found that the lo-

calization length naturally scaled to ~0.66 in both cases, due to the quantum unitary

matrix and not to a signature of the golden tori.

I.2.2 The many dimensional quantum kicked rotor

In 1988 Adachi et al ., [32] explored the quantum kicked rotor in two dimension with a

coupled system of rotors. They observed that as the coupling parameter ε increases,
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the energy localization is destroyed until the point where full classical behavior is

restored. This can be understood if we suppose that each rotor is a source of noise

to the other. This noise source adds an extra positive Lyapunov Exponent to the

system that makes the energy pattern diffusive [33][34][35]. For a better physical

insight, note that in the 1-D case the phase space has only two dimensions and this,

it is fastly populated and self-interference takes place, preventing the diffusion of the

wave packet. In the case of the coupled rotors, the dimension of the phase space is

expanded to four, and it takes a while for the phase space to be densely occupied.

In consequence, self-interference effects are much less frequent and the mean kinetic

energy of the wave packet diffuses.

Increasing the dimensions of a kicked rotor is a straightforward generalization in

theory, but of a great experimental challenge. The notorious laser cooling techniques

up to date are limited by the correlation length of the disordered potential, which

might be comparable to the de Broglie wavelength for the quantum kicked rotor

[36]. An alternative approach is to study the Quasi-periodic quantum kicked rotor,

which simply uses a system of several time driven kicked rotors with incommensu-

rate frequency between each other, and the kicking frequency. Several works on the

energy localization of the kicked rotor have demonstrated that the Quasi-periodic

quantum kicked rotor with d− incommensurate rotors mimics a d−dimensional dis-

ordered anisotropic system, which allows a transition from localized to delocalized

energy states [37] [38][39]. As we shall see in the next section, the experimental real-

ization of the Quasi-periodic quantum kicked rotor is relatively simple and provides

a rich source to study Anderson Transitions in many dimensions.
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I.2.3 The non linear quantum kicked rotor

The inclusion of a non-linear term in the Hamiltonian of the 1-D quantum kicked

rotor leads to the local Nonlinear Schrödinger (NLS) equation

i
∂ψ

∂t
+
∂2ψ

∂θ2
+ β|ψ|2ψ + kcos(θ)ψ

∞∑
m=−∞

δ(t−mT ) = 0. (I.2)

The equation above is known to have soliton solutions, which Bevenuto et al ., demon-

strated to be mostly invariant under the action of the kicks. This is an interesting

fact, since the self-focusing property of the solitons prevents self-interference effects

to take place.

In a first order approximation the addition of the non-linearity on the quantum

kicked rotor Model restores the classical standard map description for the soliton’s

momentum and position phase space, with the diffusion of the momentum driven by

a complex term in the wave function. This can be explained by the quasi-particle

behavior of the soliton, establishing a link between the nonlinear quantum case and

the classical kicked rotor. Note however that high order terms might also play a role

in very long times or very strong kicks, causing modifications in the mapping of the

soliton. An important feature of the nonlinear quantum kicked rotor is that it has

classical features while soliton solutions exist, and a behavior similar to the linear

case when the solitons are destroyed as demonstrated by Benvenuto et al . [40].

I.3 Experimental realization of the quantum kicked

rotor

Laser cooling techniques and the Magneto-Optics Traps (MOT) developed in the

1990’s, provided a powerful experimental method to directly observe quantum Chaos

in matter waves. An optical lattice can be set up by two lasers intersecting at a
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determined angle in a gas of atoms (normally cesium or rubidium), or a BEC, forming

an interference pattern. For the creation of a kicked-rotor type potential, the lattice

is then detuned from the transition frequency of the atoms. The atoms then absorbs

the photon from the laser, and in consequence emit the photon by an spontaneous

or stimulated process. These effects creates a negative feedback, which generates a

periodic potential of the form U(θ) = A+b ·cos θ . The delta kicks are then controlled

by turning on and off the laser. In the case of the Quasi-periodic quantum kicked

rotor, the only difference is that the laser pulse has also a time modulation in addition

to the spatial one.

Energy localization of the kicked rotor applied to a BEC were first reported in 2005

by Moore et al [22], and in 2007 by Chabe et al [41]. However, the community was

skeptical in relation to these experiments as the BEC was subject to a strong disorder

and strong interparticle interaction, which could possibly shadows the localization

effects. In 2008, Billy et al performed the experiment in a regime of weak disorder

and weak interparticle interactions, and for the first time a direct observation of

Anderson Localization was reported [42].

I.4 Anderson Localization in the quantum kicked

rotor

Anderson Localization was first predicted in 1958 for the tight-binding model in a

disordered lattice with non-interacting particles [43]. Such an effect is a result of the

interference of multiple scattering paths generated by a random potential, which tends

to localize the wave packet. In solid-state theory, the disorder potential is produced by

a random distribution of impurities, which act as an ensemble of scattering elements.

The relation between the energy localization of the quantum kicked rotor and the

in the tight-binding model was demonstrated by Fishman et al . [44] in 1982. Note
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however that the isomorphism is not complete as the quantum kicked rotor simmulate

a pseudo-random potential, instead of a full-random model as in Anderson’s model.

Nowadays it is widely accepted, but not rigorously proved, that the hypothesis of

a random potential can be loosen to pseudo-random potential without loss of gen-

erality. Visualizing Anderson Localization in semiconductors is an extremely hard

task as interparticle interactions and thermal phonons shadows the localization effect

[45][46]. However, Bose-Einstein Condensates (BEC) provides a perfect environment

for experimentally studying Anderson localization, without the interference of unde-

sired effects. Indeed, was in a BEC that Anderson Localization was clearly detected

in 2005 by a remarkable experiment set up by Billy et al . [42].

I.4.1 Anderson transitions in the Quasi-periodic quantum

kicked rotor

For the 1-D noninteracting quantum kicked rotor, all states are marginally localized

in accordance with the tight-binding model [38]. In higher dimensions, one can ob-

serve transitions (hencefroth Anderson Transitions) from purely localized (insulator)

to diffusive (metallic) energy states depending on the level of the induced disorder

[47][39]. In 2011 Tian proposed a field theoretical approach for describing the Ander-

son Transitions in the Quasi-periodic kicked rotor. He has found that the dynamics

of the rotor is dependent on the number of dimensions of the system, and the scaled

Planck’s constant ~̃ = 4πp/q , which is driven by the kick strength k and period T .

Furthermore, Tian has showed the transitions from localized to metallic and super-

metallic regimes are possible for specific values of p, q ∈ N [48].

The transport properties near the critical point (in between the metallic and the

insulating states) of Anderson Transition have also been investigated recently. In such

a region, when the transition zone is approached from the metallic side, the diffusion

constant vanishes D ∝ |k − kc|s (k being the magnitude of the kicks, and kc being
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the critical value of k where the transition occur), whereas, in the insulator side, the

localization length diverges l ∝ |k− kc|−v. Numerical and experimental analysis have

shown that in the transition region s = v ∼ 1.5. To obtain these results numerically,

one has to deal with a large amount of kicks, what is in general hard due to the

long duration of simulations. In practice, this can be overcome by finite-size scaling

technique, which is a useful numerical method to infer asymptotic results out of finite

samples. In 2010, Lemarie et al experimentally studied the transport properties on

the critical zone for the first time. They have reported the observation of an average

intensity Green Function of the form

P (−→r ,−→r ′; t) ∼ exp

[
− α|−→r −−→r ′|3/2/t1/2

]
(I.3)

which differs drastically from the insulating P (−→r ,−→r ′; t) ∼ exp

[
− |−→r −−→r ′|/2l

]
and

the metallic P (−→r ,−→r ′; t) ∼ exp

[
−(−→r −−→r ′)2/2Dt

]
phases[47]. Further investigations

on the critical zone are still necessary for a more clear understanding of the transport

properties of these regions. Noteworthy is the possible connection between Anderson

Transitions and Anomalous transport for mixed phase spaces, as showed by Wang et

al [31].

I.4.2 Anderson localization in a non-linear media

Up to now, the mechanisms of Anderson Localization in a non-linear medium with

a disorder potential are still unknown. Such an investigation faces many challenges,

as the numerical simulations need a high resolution to converge. Using the kicked

rotor as a source of disorder, in 1993 Shepelyansky has shown that the localization

of the energy in Eq. (I.2) is dependent on the nonlinearity magnitude β. For β < βc

the nonlinearity is not capable of delocalizing the system. For β > βc Shepelyansky

demonstrated that wavepack slowly diffuses for a finite number of kicks [49]. In 2008
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Figure I.2: Pictures of animals

Kopidakis et al presented a rigorous proof showing that the wavepacket could not

indefinitely diffuse for an infinite time [50]. Kopidakis’ conclusion is in agreement

with previous numerical simulations where fractional diffusion of the wavepacket was

observed [49][51][52][53]. Investigations in this path have lead to the development of

the Effective Noise Theory, which has been in good agreement with numerical data

so far. However, following Kopidakis’ work, one would expect that after a given

time the subdiffusion should stop, as the initial wavepacket is totally destroyed, and

energy localization should be one more time restored [54]. In sum, the behavior of

Anderson Localization in a nonlinear media is still unknown. However, theoreticians

are severely limited by the computational time, as only an extremely long numerical

experiment could draw definitive conclusions about the problem.

I.5 Focus of this work

In this thesis we study a 2-D coupled quantum kicked rotor in a nonlinear and nonlo-

cal medium, i.e., a generalization of Adachi’s work to the nonlinear case. The addition

of a nonlinearity provides a more realistic framework to the problem as by increasing

the dimensions of the system, the interparticle interactions becomes more important
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for describing the evolution of the modeling equations. Another interesting possibility

raised by the nonlinearity is the existence of soliton waves as eigenfunctions of the

system. From this perspective, we explore the interplay between Anderson localiza-

tion and nonlinearities. It is also important to highlight that a 2-D system allows

Anderson Transitions to occur, providing an even richer scenario for this work. Our

model could be experimentally realized in a nonlinear optical medium with a weak

non-local refractive index, or in an interacting 2-D BEC. However, as far as we know,

high dimensional BEC still faces several technical limitations e.g., the correlation

length of the disorder potential, which were not surpassed yet.



Chapter II

Numerical Experiments

The first studies on the quantum kicked rotor in a linear medium have demonstrated

that the energy of the rotor localizes after a critical time, and also becomes indepen-

dent of the set of initial conditions of the input wavefunction. This situation differs

drastically from its classical counterpart, where the kicks induce a particle to perform

a random walk that results in an average diffusive growth of the energy of the sys-

tem. The energy saturation in the quantum kicked rotor evidences the existence of

self-interference effects, which as shown by Fishman et al . , is totally equivalent to

the Anderson’s tight binding model.

For a given chaotic system exhibiting energy localization, it is known that the

addition of a noise source to the modeling equations breaks the localization as a

consequence of an extra positive Lyapunov Exponent added to the system. Following

this idea, Adachi et al have demonstrated that it is possible to make the energy of

the quantum kicked rotor diffusive by using a 2D+1 spatially coupled kicked rotor.

From a physical perspective, this effect can be understood by means of a spam of

the rotor’s phase space induced by an increase of the dimensions of the system. In

consequence, self-interference effects become less frequent and Anderson localization

does not take place.

23
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In this thesis we theoretically investigate a coupled kicked rotor in the context of

the 2D+1 generic NLS


i∂ψ
∂t

+∇2ψ + n(|ψ|2)ψ + U(x, y)ψ
∑∞

m=−∞ δ(t−mT ) = 0,

U = k cosx+ k cos y + ε cos (x+ y),

n(|ψ|2) =
∫
R(−→r −−→r ′)ψ(−→r )|2d

−→
r′ ,

(II.1)

where k and ε are the amplitudes of the periodic potential, and R(−→r − −→r ′) is the

response function of the medium. If R(−→r −−→r ′) is narrow compared to |Ψ(−→r )|2, we

can approximate R(−→r −−→r ′) → δ(−→r −−→r ′) and the medium is local. For any other

arbitrary function R(−→r −−→r ′) the medium is nonlocal.

Considering the particular case where the periodic potential is absent and the

interactions are local, Eq. (II.1) is simply the free local NLS, which has extensive

application in diverse fields of physics such as nonlinear photonics and Bose-Einstein

Condensates. In the free local 1-D NLS, the diffracting (due to the ∇2ψ term) and

self-focusing (due to the |ψ|2ψ term) effects counterbalance each other in such a way

that soliton waves arises as natural solutions of the system. When the kicked rotor is

added to such a model, Benvenuto et al ., have demonstrated that for a specific range

of weak kicks the solitons survive. As we shall see, the persistence of these solutions

provides an insightful numerical method for understanding the dynamics of the rotor.

When Eq. (II.1) is generalized to a multidimensional model, solitons are known

to be in general unstable since the self focusing nonlinearity takes over and leads

the input wavefunction to break into several filaments. However, Bang et al . , have

demonstrated that an arbitrary type of nonlocality with positive definite fourier spec-

tra can arrest filamentation and allow soliton waves to exist. We will consider the
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following general diffusive nonlinearity

(
1− σ2∇2

)
n = |Ψ(−→r , t)|2. (II.2)

Our choice is based on the vast range of applications of this type of nonlocal non-

linearity e.g., liquid crystals [55], nonlinear optics,[56][57] [58][59][60], plasma physics

[61] and heat conduction [62]. The degree of nonlocality of the system is controlled by

the parameter σ, which can tune the medium from a local (σ = 0) to a highly nonlocal

(σ >> 1) regime. Moreover, the diffusive nonlinearity obeys Bang’s criteria as shown

in Fig. (II.1), where we plot the Fourier Spectrum of the nonlinearity for several σ.

In this chapter we discuss the numerical integration of Eq. (II.1) with a diffusive
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Figure II.1: Profile of the nonlinearity n for different degrees of nonlocality σ

nonlinearity given by Eq. (II.2). We first present the numerical scheme used in our

code (Sec.II.1) and then proceed to the outcome of the simulations (Sec.II.2) . There

are two regimes we are primarily interested in: when the soliton survives after a large

amount of kicks, and when the kicks are too strong and rapidly destroy the solitons.

For correctly discerning both of the regimes, we first study how the kicked soliton

behaves, and find a range of parameters where there is no destruction of the wave

packet after a considerable amount of kicks. Finally, we study the energy pattern of

the rotor in order to investigate localization or delocalization effects (Sec.II.3).
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II.1 Numerical Integration and measurements

For the numerical integration of Eq. (II.1), we use a split-step algorithm and an

unconditionally stable Crank Nicolson method. To avoid non-diagonal operators, we

solved the terms involving the nabla operator in the Fourier-space. In the following

paragraphs we concisely discuss our integration scheme.

II.1.1 The Split-Step method

The evolution of the wavefunction can be split in a linear and nonlinear part as follows

i
∂ψ(x, y, t)

∂t
= −∇2ψ(x, y, t) = −Âψ, (II.3)

i
∂ψ(x, y, t)

∂t
= −n(|ψ|2)ψ = −B̂ψ, (II.4)

i
∂ψ(x, y, t)

∂t
= −U(x, y)ψ

∞∑
m=−∞

δ(t−mT )ψ = −Ĉψ. (II.5)

In a region free o kicks, the full NLS has the trivial solution

ψ(x, y, t+ ∆t) = exp

[
i∆t(Â+ B̂)

]
ψ(x, y, t) (II.6)

If we suppose that the operators Â and B̂ commutes, the time step can be broken

into smaller parts and it is possible to apply the operators exp[iÂ∆t] and exp[iB̂∆t]

sequentially to ψ. For an usual split-step approach, the evolution of ψ is simply given

by

ψ(x, y, t+ ∆t) = exp

[
i∆t′Â

]
exp

[
i∆t′B̂

]
ψ(x, y, t). (II.7)
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Comparing the equation above with the Baker-Haussdorf formula

exp(Â)exp(B̂) = exp

(
Â+ B̂ +

1

2
[Â, B̂] +

1

12
[Â− B̂, [Â, B̂]] + ...

)
, (II.8)

it is straightforward to show that the error in Eq. (II.7) is of the order of ∆t2. This

error can be further reduced to third order by using the following symmetric scheme

ψ(x, y, t+ ∆t) = exp

[
i∆t′Â

]
exp

[
i2∆t′B̂

]
exp

[
i∆t′Â

]
ψ(x, y, t). (II.9)

In summary, the equation above states that for a region free of kicks, we first solve the

linear operator Â for a quarter step, then insert the nonlinearity in a half step, and

then solve the linear operator for a quarter step. In our code, we choose to implement

the symmetric scheme for a time period free of kicks.

For a time period ∆t within a kick, the operations become quite messy as the

three operators might be taken into consideration. In this case we use the usual split

scheme

ψ(x, y, t+ ∆t) = exp

[
i∆t′Ĉ/2

]
exp

[
i2∆t′B̂

]
exp

[
i∆t′Â/2

]
ψ(x, y, t), (II.10)

which of course has a second order error. After breaking the solution of the NLS into

three independent equations, we still have to solve Eq. (II.3), Eq. (II.4) and Eq.

(II.5). As Ĉ and B̂ are only multiplicative factors, their solution is simply

ψ(x, y, t+ ∆t) = exp

[
− i∆t′U(x, y)ψ

∞∑
m=−∞

δ(t−mT )

]
ψ(x, y, t), (II.11)

ψ(x, y, t+ ∆t) = exp

[
− n(|ψ|2)

]
ψ(x, y, t). (II.12)

Note however that we still did not determine n(|ψ|2) thus, we cannot fully solve Eq.

(II.12). The solution of Eq. (II.12) will be further discussed in the SectionII.1.3. In
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addition, we also did not mention the solution of Eq. (II.3), which is simply diffusion

equation. In the next section, we concentrate on solving the diffusion equation using

a Crank Nicolson discretization scheme and a Discrete Fourier Transform.

II.1.2 Unconditionally stable Crank-Nicolson

The Crank Nicholson method consists in discretizing Eq. (II.3) to

ψt+∆t
x,y − ψTx,y

∆T
= i

2

(
ψt+∆t
x+∆x,y−2ψt+∆t

x,y +ψt+∆t
x−∆x,y

∆x2 +
ψtx+∆x,y−2ψtx,y+ψtx−∆x,y

∆x2 (II.13)

ψt+∆t
x,y+∆y−2ψt+∆t

x,y +ψt+∆t
x,y−∆y

∆y2 +
ψx,y+∆yt−2ψtx,y+ψtx,y−∆y

∆y2

)
, (II.14)

where the subscripts and superscripts indicates the spatial and temporal grid respec-

tively. By performing a Neumann stability analysis to the equation above, it is easy

to show that the amplification factor is

Sx =
1− 2i ∆T

∆x2 sin
2( 2π
Lx

∆x/2)

1 + 2i ∆T
∆x2 sin2( 2π

Lx
∆x/2

(II.15)

Sy =
1− 2i ∆T

∆y2 sin
2( 2π
Ly

∆y/2)

1 + 2i ∆T
∆y2 sin2( 2π

Ly
∆y/2

. (II.16)

Note that the 2-dimensional amplification factor is always equal to one, assuring

the conservation of the norm of the wavefunction. A major drawback of the Crank

Nicolson scheme is its non-diagonality, which considerably increase the computational

time of the algorithm. Fortunately, this can be remediated by solving Eq. (II.14) in

the Fourier space as shown in Sec.II.1.3.
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II.1.3 The Discrete Fourier Transform

In a Discrete Fourier basis, the wavefunction ψtx,y is given by

ψtx,y =
1

LxLy

Lx∑
n=0

Ly∑
m=0

ψ̃tmnexp(i2πmx/Lx)exp(i2πny/Ly). (II.17)

The key advantage of solving Eq. (II.14) in the Fourier space is that any spatial

translation ψx,y → ψx+∆x,y is simply ψx,y → exp(i2π∆x/Lx)ψx,y in the Fourier do-

main. Substituting Eq. (II.17) to Eq. (II.14) it is straightforward to show that the

diffusion equation becomes

ψ̃t+∆t
mn =

1 + i∆tρ

1− i∆tρ
ψ̃tmn, (II.18)

with ρ given by

ρ =
1/∆x2

cos(2πm/Lx)− 1
+

1/∆y2

cos(2πn/Ly)− 1
, (II.19)

so by using Eq. (II.18) we completely solve Eq. (II.3). Finally, the time evolution of

Eq. (II.4) can be solved by taking advantage of the properties of the Discrete Fourier

Transform. The discrete version of Eq. (II.2) is

nx,y − σ2

[
nx−1,y − 2ux,y + ux+1,y

∆x2
+
nx,y−1 − 2ux,y + nx,y+1

∆y2

]
= |ψ|2. (II.20)

If we write n in a Discrete Fourier basis and follow steps similar to the one presented

to solve the diffusion equation we find that

ñ = |̃ψ|2
[
1− 2σ2

(
cos(k∆x)− 1

∆x2
+
cos(k∆y)− 1

∆y2

)]−1

, (II.21)

and applying an Inverse Discrete Fourier Transform the solution for the time evolution

of the operator B̂ we completely determine the form of the nonlinearity.
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II.1.4 Numerical measurements

For the investigation of the numerical data, we used the Rayleigh-Ritz approximation

that will be further discussed in the next chapter. For the moment, it is just important

to know that in the Rayleigh-Ritz formulation even crude approximations to the

wave function of a quantum system, can provide an extremely good estimations of

the system’s energy. Motivated by the possible soliton solutions of the nonlinear

equation, we approximated the wave packet with the following gaussian

ψ(x, y, t) = A(t) · e−
(x−x0(t))2+(y−y0(t))2

a(t)2
+ikx(t)x+iky(t)y

, (II.22)

with a(t), kx(t), ky(t), x0(t) and y0(t) being real valued functions. For convenience, we

place the origin of the coordinate system on the soliton’s center of mass after each

kick. Substituting Eq. (II.22) in < ψ|∇2|ψ >, bearing in mind that the kinetic energy

is always real valued, and that odd powers of x or y will vanish due to symmetry, we

have that

< ψ|∇2|ψ >= −E0

[
2

a2
+
k2
x + k2

y

4
+O(a2)

]
(II.23)

Note that c1, d1 and c2, d2 are respectively related to the momentum and chirp of a

gaussian. The parameters of the simulated soliton can be easily measured by noting

that

Imag

(
∂ψ

ψ∂x

)
= mkx +mky (II.24)

After plotting Eq. (II.24) and applying a high order polynomial fit, we can determine

all the parameters of the summation. For extracting the soliton’s waist, we use the

fact that our algorithm conserves the input power and use the relation

a =

√
P

π|A|2
(II.25)

where P and A are the power and amplitude of the gaussian profile respectively.
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II.2 Simulations of the quantum kicked rotor in a

nonlinear and nonlocal media

Here we present the results of the numerical integration based on the scheme pre-

viously discussed. First of all we analyze in which range of nonlocality and kicking

strength the soliton solutions are allowed to exist. Later, we study the chaotic mo-

tion performed by the soliton, and its energy pattern. For the initial excitation of the

soliton, we extrapolate the work presented by Snyder and Mitchell to a weak non-

local medium [63]. We also add a momentum to the initial gaussian simply by the

addition of a phase term ψ · exp(ipxx + ipyy), with kx, ky being the momenta in the

x and y direction respectively. We use periodic boundary conditions and a grid with

physical length and time of 4π and 300 respectively. Optimum values for the grid

discretization were found for the spatial resolution of 4π/1024 and time resolution of

0.0025. An analysis over a period of 100 kicks has demonstrated to be enough to fully

characterize the dynamics of the rotor.

II.2.1 Preliminary Simulations

We use a gaussian input signal to excite the system. This choice was inspired by

Snyder and Mitchel’s paper, where they have shown that a gaussian input can form

a solitary wave in a medium described by the NLS equation with a strong degree of

nonlocality. In this work we generalize Snyder and Mitchell’s idea to a medium with

an arbitrary degree of diffusive nonlocality. Figure (II.2) shows the intensity profile

of the evolution of the initial gaussian for a fixed waist w0, and a varying initial

amplitude A0. For small A0 the gaussian simply diffracts Figure (II.2a). As the

amplitude increases, the system forms a solitary wave that breathes with a maximum

waist larger than w0 Figure (II.2b). For too high values of A0 the system forms a

breather with a very small minimum waist Figure (II.2d). At this point, the resolution
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of the grid becomes a problem, as numerical diffraction can take place. In between the

limits of Figure (II.2b) and Figure (II.2d) , we can find a critical amplitude Ac where

a soliton with a constant waist w = w0 is formed Figure (II.2c). In the forthcoming

simulations, we have set σ = 0.2 and waist w0 = 0.3. In this conditions, we observed

the formation of a soliton for an initial amplitude of A0 = 17.5.

(a) A0 = 9 (b) A0 = 10

(c) A0 = 11 (d) A0 = 13

Figure II.2: Evolution of the gaussian input for σ = 0.2 and w0 = 0.4

II.2.2 Analysis of the Kicked Soliton

In the context of Eq. (II.1), the soliton lifetime is known to depend on the kicking

strength (k andε) and the nonlocality degree (σ) [40]. For simplicity, in this section

we set ε = 0. The first step is to tune k and σ in such a way that soliton solutions are

allowed. Figure (II.3) shows the plot of the soliton’s amplitude in time (100kicks) for

the kicking strength of 1.5, 2, and 3. The values of the kicking strength and period

between the kicks are changed in such a way that the product kT is the same for

each of the curves (the reason for this will be clear in the next session). As shown in

Figure (II.3) , for k < 1.5 the amplitude of the soliton is near to a constant. In Figure
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Figure II.3: The amplitude of a soliton for a 100 kicks with k = 1.5, 2 and 3, and
T = 0.6, 0.45 and 0.3. In this case 2kT = 1.8.

(II.4) we plot the shape of the soliton after a given number of kicks. In a) the kicking

strength is k = 0.3 and in b) k = 1.7 for T = 3. It is clear that the wave packet keeps

approximately the initial shape and amplitude in a). On the other hand in b), we

notice that even though the soliton’s amplitude is decreased, its shape still is close to

a gaussian profile. This justifies the Rayleigh-Ritz approximation we previously used

in Sec. (II.1.4). This fact will also be used in the next chapter where we develop a

variational approach to the evolution of the wave packet.
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Figure II.4: Profile of the wave packet after a given number of kicks. Note that the
gaussian shape is always maintained
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II.2.3 The Invariant soliton approximation

In the range where the kicking strength does not change the soliton shape, the effect

of the kicks can be approximated to a simple addition of a phase factor to the soliton,

i.e.

ψt+(x, y, t) = ψt−(x, y, t) exp

[
−ik(cosx+ cos y) + 2ε cos (x+ y)

]
. (II.26)

For a narrow soliton, we can expand the exponential term of Eq. (II.26) around the

centre of mass of the wave packet and recover the classical standard map description

for the soliton’s momentum-position phase space. To confirm this we have numerically

computed the momentum/position phase space of the soliton. Figure (II.5a) shows

the phase space of the soliton for k = 0.3 and T = 3. Figure(II.5b) shows a plot of

g = (px(n+ 1)− px(n))/2k by the position x(n+ 1) where n refers to the nth kick. A

numerical fit shows that g is a cosine in complete agreement with the standard map

approximation. Note however that the expansion around the center of mass in Eq.
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Figure II.5: (a) is the plot the phase space of the soliton’s position and momenta,
while (B) is the plot of the g-function.

(II.26) is an approximation that holds only in for the invariant soliton. For very long

times, strong kicks or too broad solitons, high order terms of the expansion on the
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rotator starts to play a role and alters the whole shape of the wavepacket, as shown in

Figure (II.7), where we plot the soliton waist for several kicking strength. We can see

that for weak kicks the variations on the soliton’s waist are minimal Figure (II.6a).

For moderate or strong kicks, the soliton’s waist varies wildly, as shown in Figure

(II.6b) and Figure (II.6c), and a more careful approach is necessary to elucidate the

dynamics of the rotor.
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Figure II.6: We plot the simulated and calculated mean kinetic energy of the soliton
for 100 kicks. On the right we plot the soliton’s waist for the

II.3 Energy Analysis of the quantum kicked rotor

At this point we will make use of the Rayleigh-Ritz method in order to analytically

understand the energy pattern of our simulations. It is important to remark that

from now on we do not limit our analysis to the invariant soliton approach, and we

aim to describe the dynamics of the system in a broader range. Figure (II.7) shows

the mean kinetic energy for several ε and fixed values of k = 0.3 and T = 3. There are

three distinct patterns we can distinguish in Figure II.7, for ε < 0.5, for 0.5 < ε < 2.0

and ε > 2.0. The characteristics of each of these patterns will be discussed in the

next paragraphs.
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Figure II.7: We plot the simulated and calculated mean kinetic energy of the soliton
for 100 kicks. On the right we plot the soliton’s waist for the

ε < 0.5

In this regime, the major contribution to the energy comes from the waist factor

of Eq. (II.23). Note also that in Figure , after 50 kicks the soliton behaves like a

breather, so even for small coupling Benvenuto’s hypothesis of a constant soliton does

not hold.

0.5 < ε < 2

In this regime, the energy follows a chaotic pattern that resembles the one of a random

walk. Most of the energy now comes from the soliton’s momentum and not its waist
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size.

ε > 2

In this regime, the soliton’s lifetime is short and after a certain number of kicks,

the energy is totally ruled by high order terms of Eq. (II.23), which leads to to

the destruction of the soliton. The most remarkable conclusion we take from Figure

(II.7), is that there is a set of parameters of the Kicked rotor that leads to a diffusion

of the kinetic energy due to the soliton’s momentum, and not to a spreading of the

initial wavepacket.
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Figure II.8: The amplitude of a soliton for a 100 kicks with k = 1.5, 2 and 3, and
T = 0.6, 0.45 and 0.3. In this case 2kT = 1.8.

II.3.1 The effect of the nonlinearity

Here we do a comparative analysis between the linear and the nonlinear quantum

kicked rotor in a range of parameters where the soliton solutions have a long lifetime.

Figure (II.8) shows the energy of the nonlinear quantum kicked rotor for different

initial conditions of the soliton (bold lines). As part of the restoration of the classical

regime described in Sec. (II.1.4), the nonlinear rotor is now strictly dependent on the

initial conditions. The simulations also indicate that the nonlinear rotor exhibits an
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enhanced diffusion in comparison with the linear case (dotted lines), where energy

localization is observed as shown in Figure (II.8).

In Figure (II.10), we plot the energy pattern of the nonlinear rotor (bold lines)

for different ε. It is clear that in such a situation the diffusion of the energy does not

increase monotonically with ε in a clear disagreement with the linear model (dotted

lines). Note also that while for ε = 1.2 the soliton exhibits an average diffusive

behavior, for ε = 0 and ε = 0.8 the different coupling does not drastically affects the

dynamics of the rotor, as both of the curves are apparently in the same level.

In summary, the dynamics of the rotor is not clear and a more detailed analysis

is needed for further understanding the dynamics of the system. With the numerical

data in hands, in the next chapter we develop an analytical theory to investigate the

rotor by means of variational calculus.
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Figure II.9: The amplitude of a soliton for a 100 kicks with k = 1.5, 2 and 3, and
T = 0.6, 0.45 and 0.3. In this case 2kT = 1.8.

II.3.2 The strong kick regime

For completeness, we also analyze the behavior of the rotor in a regime of strong

kicks, i.e., when soliton solutions does not hold anymore. We have used a set of pa-

rameters where the solitons have a very short lifetime, so the energy pattern obtained
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is basically a noise source provenient from the periodic kicks. As demonstrated in

Fig. (II.10), the nonlinear rotor suffers a kind of linearization. This can be easily

understood if we take into consideration that the evolution of the wavefunction pre-

serves its norm. After an initial transient the soliton is destroyed and the amplitude

of the wavefunction decreases. In consequence, the nonlinearity of the model becomes

negligible and the nonlinear system behaves exactly like its linear counterpart.

0 20 40 60 80 100
0

2

4

6

8

10

12

14

16

18
x 10

4

Kicks

<
K

>

 

 

ε=10

ε=15

(ε=10 (linear)

ε=15 (linear)

Figure II.10: The amplitude of a soliton for a 100 kicks with k = 1.5, 2 and 3, and
T = 0.6, 0.45 and 0.3. In this case 2kT = 1.8.



Chapter III

Theoretical Analysis

In this Chapter we develop an analytical solution to the 2-D nonlinear kicked rotor

based on a variational approach. Such an approach is suitable to study the results

presented in Chapter 2 in a regime where soliton solutions survive, as we can always

guess the eigenfunctions to have a time-dependent gaussian shape.

In Sec. (III.1) we generally discuss the variational principle and develop the vari-

ational derivative, which will be used throughout the whole Chapter. We also discuss

the Rayleigh-Ritz procedure that was used in Chapter 2 to numerically approach the

energy of the rotor. In Sec. (III.2) we describe the variational principle and the

Rayleigh-Ritz approach in the specific case of the 2-D nonlinear kicked rotor and

derive the soliton existence curve for a diffusive nonlinearity. Finally in Sec. (III.3)

we propose a mapping in the soliton’s phase space, which is valid for a range of

parameters where the soliton solutions do not decay.

III.1 Calculus of Variations

The main idea of the variational method is to find a function u, which will mini-

mize the functional J [u]. The first time that such a method was used dates back to

Newton’s famous solution to the brachistochrone problem. In 1773 Euler concisely

40
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stabilished the basis of what is known nowadays as variational calculus. Later in 1786,

the variational calculus became the basis of the powerful Lagrangian and Hamilto-

nian formulation of Mechanics. Currently, the method became an important tool in

quantum Mechanics for the estimation of the eigenvalues of a system.

III.1.1 The Variational Derivative

Consider a generic differential equation with the solution u(x) satisfying the boundary

condition u(a) = A and u(b) = B. We define the functional

J [u] =

∫ b

a

L(x, u, ux)dx (III.1)

Such that L(x, u, ux, ) minimizes J [u]. Suppose now a perturbation of the original

function u(x) given by u(x, ε) = u(x) + εη with η satisfying the boundary conditions.

Then by deriving the perturbed version of Eq. (III.1)

dJ

dε
=

d

dε

∫ b

a

L(x, u(x, ε), ux(x, ε))dx

=

∫ b

a

[
∂L

∂u

∂u

∂ε
+
∂L

∂ux

∂ux
∂ε

]
dx

(III.2)

Integrating by parts the second term of the right hand side of Eq. (III.2)

∫ b

a

∂L

∂ux

∂ux
∂ε

dx =
∂L

∂ux

∂u

∂ε

∣∣∣∣∣
b

a

−
∫ b

a

d

dx

∂L

∂ux

∂u

∂ε
dx (III.3)

Since u might always satisfy the boundary conditions independently of ε, the deriva-

tive term of Eq. (III.3) vanishes and Eq. (III.2) becomes

dJ

dε
=

∫ b

a

[
∂L

∂u
− d

dx

∂L

∂ux

]
∂u

∂ε
dx (III.4)

By doing the limit ε→ 0, J will be a global minimum, thus
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lim
ε−→0

[
∂L

∂x
− d

dx

∂L

∂ux

]
∂u

∂ε
= 0 (III.5)

Note that the only restrictions on u(x) is that it should satisfy continuity and the

boundary conditions of the problem. Hence for the equation above to hold we must

have

∂L

∂x
− d

dx

∂L

∂ux
= 0 (III.6)

For a multidimensional case, Eq. (III.6) can be easily generalized, and we will do

so in Sec. (III.2) in order to solve the 2-D NLS. From now on we will refer to F as

the lagrangian of a given differential equation.

III.1.2 The Rayleigh-Ritz approximation

The Rayleigh Ritz approximation consists of transforming the Lagrangian of an in-

finite set o variables into a known function f(u), which satisfies the boundary con-

ditions of the system. The Rayleigh-Ritz approach is particularly useful in quantum

mechanics since it provides a good estimation of the eigen-energies of a quantum

system, with a little knowledge of the exact wavefunction. In fact it can be proved

that for a quantum system described by the hamiltonian H, the eigen-energy of any

approximate eigenfunction |0̃ > is such that

< 0̃|H|0̃ >
< 0̃||0̃ >

= H ≥ E0 =< 0|H|0 > (III.7)

Where |0 > is the normalized exact ground state eigenfunction, and E0 is the exact

ground energy. The energy of the first excited states |1 > can be estimated by propos-

ing |1̃ > orthogonal to |0̃ > and of course, this process can be clearly generalized to

provide as many approximated eigen-energies as necessary. A surprising consequence

of the variational approach, is that even for crude but reasonable approximation to

the eigenfunctions, the method results in approximate eigenvalues very close to the
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exact ones. A good example is the estimation of the energies of the quantum well

defined by

V =


0, for |x| < a

∞, for|x| > a

(III.8)

The exact eigenfunction of the ground state is known to be

< x|0 >=
1√
a

cos(
πx

2a
) (III.9)

Nonetheless, a rough approximation to Eq. (III.9) given by

< x|0̃ >= a2 − x2 (III.10)

results in H just 1.3% above the exact energy. Furthermore, if we insert variational

parameters λ1, λ2, ..., λn in |0̃ > even better results can be achieved by minimizing H

in relation to λ1, λ2, ..., λn.

The results in this Section provide a basis for the numerical approximation we

did in Chapter 3, where we approximated the eigenstates of the nonlocal NLS to a

gaussian profile. As the gaussian fits the soliton profile extremely well, the numerical

and simulated energy should be close, as was verified in the previous chapter.

III.2 Variational approach to the 2-D nonlinear

kicked rotor

In this section we approach the nonlocal 2-D nonlinear kicked rotor by means of

the variational method. For the sake of organization, we first solve Eq. (II.1) in the

absence of kicks. In Sec.III.2.3 we add the periodic potential to the system and finally

in Sec.III.3, we solve the full lagrangian of Eq. (II.1).
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III.2.1 The free nonlocal NLS

Disconsidering the periodic potential, Eq. (II.1) becomes

iψt +∇2ψ + n(|ψ|2)ψ = 0 (III.11)

(1− σ2∇2)n = |ψ|2 (III.12)

As the medium we are studying have periodic boundary conditions, we can apply the

Hankel Transform to Eq. (III.12) , in order to write the nonlinearity in the integral

form [?]

n =
1

2π

∫
K0

(
|−→r −−→ρ |

σ

)
|ψ(ρ)|2ρdρdθ (III.13)

With K0 being the modified Bessel function of second kind and order zero. It is well

known that the Lagrangian of Eq. (III.11) is [?]

L = L

(
ψ, ψ∗,

∂ψ

∂x
,
∂ψ∗

∂x
,
∂ψ

∂t
,
∂ψ∗

∂t

)
=
i

2
(ψ∗tψ − ψtψ∗) + |∇ψ|2 − σ2

2
|ψ|2

∫
dρK0(|−→r −−→ρ )|ψ(ρ)|2ρdθ

(III.14)

This result can be easily verified by noting that Eq. (III.11) is recovered by performing

the variational derivative on ψ∗

δL

δψ∗
=

∂

∂x

∂L

∂

(
∂ψ∗

∂t

) +
∂

∂t

∂L

∂

(
∂ψ∗

∂t

) − ∂L

∂ψ∗
= 0 (III.15)

On the other hand a variation on ψ would result in the complex conjugate of Eq.

(III.11). As shown in the last chapter, the gaussian profile is a good approximation to

ψ. Note however that other approximations e.g., a hyperbolic secant, could be an even

better analytical description of our simulations. Nonetheless, the easy mathematical

manipulation and the physical insight of a gaussian profile are especially attractive,
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and thus we propose the following Ansatz

ψ(t, r) = A(t)e(r−r0)2(ib− 1
a2 )+i

kx(x−x0)+iky(y−y0)

2 (III.16)

The new Lagrangian density is then

L = L

(
ψ, ψ∗,

∂ψ

∂x
,
∂ψ∗

∂x
,
∂ψ

∂t
,
∂ψ∗

∂t

)
= L

(
A,A∗, a, kx, ky, x0, y0, b

) (III.17)

Substituting Eq. (III.16) in Eq. (III.14) and integrating it over space

< L >=
iπa2

4

(
dA∗

dt
A− A∗dA

dt

)
+
π

4
a4db

dt
|A|2 + π|A|2

(
1 + b2a4

)
+

π|A|2a2

4

(
k2
x + k2

y

)
− πa2

4
|A|2

(
kx
dx0

dt
+ ky

dy0

dt

)
+ < LNL >

(III.18)

Where < LNL > stands for the non linear term of the lagrangian given by

< LNL >=
|A|2

2

∫ ∞
0

n

(
|−→r −−→r0 |

)
e−

2(r−r0)2

a2 d−→r (III.19)

As there are no kicks present in Eq. (III.11), the momentum of the soliton is a

constant of motion and the soliton’s center of mass will perform an uniform motion.

Without loss of generality, we can set the momentum and center of mass equals to

zero. We might return to the general case of non-null momentum and center of mass

when we add the kicks to the model.

Fortunately Eq. (III.19) can be analytically solved through the manipulation of

non-trivial integrals. The first step is to tackle the angular integral of n, using the

integral definition of the Bessel function

∫ 2π

0

e−
4rρ cos(θ)

a2 dθ = 2πI0

(
4rρ

a2

)
, (III.20)
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where I0 stands for the zeroth order Bessel function and thus we have

n = |A|2
∫ ∞

0

I0

(
4rρ

a2

)
K0

(
ρ

σ

)
e
−2r2−2ρ2

a2 ρdρ (III.21)

Substituting Eq. (III.21) in Eq. (III.19) and rearranging the order of integration

n = π|A|4
∫ ∞

0

K0

(
ρ

σ

)
e
−2ρ2

a2 ρdρ

∫ ∞
0

e
−4r2

a2 I0

(
4rρ

a2

)
rdr. (III.22)

This integral can be further simplified if we use the following relation

∫ ∞
0

e
−4r2

a2 I0

(
4rρ

a2

)
rdr =

a2

8
e
ρ2

a2 (III.23)

The Eq. (III.19) can then be written as

< LNL >=
π|A|4a2

8σ2

∫ ∞
0

dρK0

(
ρ

σ

)
e
−ρ2

a2 ρ

Performing the integral of the equation above we finally have

< LNL > = −π
2|A|4a4

4

1

8σ2π
e
a2

4σ2 Γ

(
0,− a2

4σ2

)
= −π

2|A|4a4

4

1

8σ2π
Z(a)

(III.24)

Where Γ[0, x] stands for the upper incomplete gamma function. In summary the total

Lagrangian of the static free NLS is

< L >=
iπa2

4

(
dA∗

dt
A− A∗dA

dt

)
+
π

4
a4db

dt
|A|2 + π|A|2(1 + b2a4)− π2|A|4a4

4

1

8σ2π
Z(a)

With Eq. (III.25) in hands, we can apply the variational principle to A,A∗ and b

and solve the subsequent system of equations.
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• δL
δA∗

:

⇒ −iπa
2

4

dA

dt
+
π

4
a4db

dt
A+ πA

(
1 + b2a4

)
− π2|A|2Aa4

4

1

4σ2π
Z(a) =

iπ

4

d(a2A)

dt

• δL
δA

:

⇒ iπa2

4

dA∗

dt
+
π

4
a4db

dt
A∗ + πA∗

(
1 + b2a4

)
− π2|A|2A∗a4

4

1

4σ2π
Z(a) = −iπ

4

d(a2A∗)

dt

• δL
δb

:

2π|A|2ba4 =
π

4

d(a4|A|2)

dt
(III.25)

Multiplying Eq. (III.25) by A∗ , Eq. (III.25) by A and subtracting then we have

d(π
2
a2|A|2)

dt
= 0 (III.26)

πa2|A|2

2
= E0 (III.27)

Note that Eq. (III.27) simply states the conservation of power of the gaussian and

it could be directly derived by integrating
∫∞
∞ |ψ|

2dxdy. With Eq. (III.27) and Eq.

(III.25) we find the following relation between a and b

b =
da

4adt
(III.28)

Using Eq. (III.27), we can rewrite the total nonperturbed lagrangian as a function of

the power E0

< L >=
iπa2

4

(
dA∗

dt
A− dA

dt
A∗
)

+
E0

2
a2db

dt
+

2E0

a2

(
1 + a4b2

)
− E2

0

8πσ2
Z(a) (III.29)
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By variating Eq. (III.29) in A and A∗, it is straightforward to see that the first term

of Eq. (III.29) vanishes. Hence, by finally applying the variational principle to a and

using Eq. (III.28) we get

d2a

dt2
− 16

a3
+

E0

2πσ2

∂Z

∂a
= 0 (III.30)

We can also transform Eq. (III.30) into

d2a

dt2
=

1

2ȧ

dȧ2

dt
=

16

a3
− E0

2πσ2

∂Z

∂a
(III.31)

Thus, the second order equation III.46 can be reduced to first order in detriment of

a constant of motion

ȧ = sign(a− as)

√∣∣∣∣ 8

a2
− E0

2πσ2
Z + const

∣∣∣∣ (III.32)

with as being the width where Eq. (III.46) is zero, and cst is a constant of motion

dependent on the initial conditions. Substituting Eq. (III.32) in Eq. (III.28)

b =
1

4a
sign(a− as)

√∣∣∣∣ 8

a2
− E0

2πσ2
Z + const

∣∣∣∣ (III.33)

By derivating Eq. (III.27) in time, we also get

a
d|A|
dt

= −|A|ȧ (III.34)

|A| = |A|0e−4
∫ t
0 b(t)dt (III.35)
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III.2.2 The potential well description

Equation (III.30) shows that the problem of soliton stabilization in a nonlinear diffu-

sive medium is similar to the problem of a particle under the influence of the following

potential

V =
8

a2
− E0

2πσ2
Z (III.36)

The vast knowledge on the mechanical equivalent of Eq. (III.30) can provide a

good insight about the qualitative behavior of our problem. Figure (III.1) shows

a typical potential given by Eq. (III.36). The global minimum of the potential

corresponds to the initial condition where there is no change of the waist a in time,

i.e., point where a soliton is formed. For initial conditions slightly away from this

minimum, the wave oscillates between two fixed waists behaving like a breather, what

is confirmed by Figure (III.2b) where we numerically integrated Eq. (III.30). If the

initial conditions lies on the region where V > 0, the system will simply diffract after

a while. The smaller is the energy of the soliton E0, the shallow is the potential

and as a consequence, the easier the wavefunction can move away from the soliton

formation point and diffracts Figure (III.3a). In the opposite limit of high energy,

the soliton tends to be very stable as the energy necessary to take the soliton out of

the potential well is extremely high. Whenever the power of the soliton is too small

the potential does not have a minimum and in consequence the soliton will simply

diffract.

Plugging in different E0 in Eq. (III.36) and finding the global minimum for each of

the cases we can then plot Figure (III.3a), the soliton existence curve, which gives the

initial conditions for E0 and a such that Eq. (III.11) has soliton solutions. The validity

of Figure (III.3a) is confirmed by Figure (III.3b,c,d), which shows the simulation of

Eq. (III.11) with initial conditions given by the soliton existence curve.
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Figure III.1: The blue line is the potential for an initial energy E0 = 150, the black
line has E0 = 60
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Figure III.2: Potential given by Eq. (III.46) for E=100

III.2.3 Addition of the kicked rotor

In this section we add the kicked rotor in Eq. (III.11) . Here we will consider again

the variations of x0, y0 and kx, ky as the kicks will transversely move the soliton.

Following the work of Ikeda et. all., we use the following type of rotor

ψ

[
ksin(x) + k sin(y) + ε sin(x+ y)

]∑
m

δ(T −mt) (III.37)



51

0 1 2 3 4 5 6 7 8
0

100

200

300

400

500

600

700

800

900

1000

1/waist (a.u.)
P

o
w

e
r 

(a
.u

.)
 

 

σ =0.1

σ =0.2

σ =0.5

σ =1.0

c)

d)

b)

(a) Soliton existence curve

(b) Power=507, waist=0.33 (c) Power=325, waist=0.21 (d) Power=39.65, waist=0.16

Figure III.3: Soliton Existence curve for many nonlocality parameters. b), c) and d)
shows the numerical integration for the initial conditions given in a).

In between the kicks, the soliton’s momentum and center of mass will resemble the

motion of a free particle. In the exact moment of the kick Eq. (III.37) , dominates

and under certain conditions which will be discussed in the next section, the soliton’s

parameters can change drastically. The Lagrangian density of Eq. (III.37) is

Lkick = |ψ|2(k sin(x) + k sin(y) + ε sin(x+ y))
∑
m

δ(T −mt) (III.38)

Substituting Eq. (III.16) in Eq. (III.38) and also making x = x′+x0(t), y = y′+y0(t)

Lkick = |A|2e−
2x′2+2y′2

a2 [k sin(x′ + x0) + k sin(y′ + y0)]
∑
m

δ(T −mt)
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+ |A|2e−
2x′2+2y′2

a2 ε sin(x′ + y′ + x0 + y0)]
∑
m

δ(T −mt) (III.39)

Integrating Eq. (III.39) over space

< Lkick >=
∑
m

δ(T −mt)E0e
−a

2

8

(
k sin(x0)+k sin(y0)+εe−

a2

8 sin(x0 +y0)

)
(III.40)

III.3 Chaotic map of the soliton

With Eq. (III.40) and Eq. (III.29) in hands we can write the full Lagrangian of the

non linear quantum kicked rotor as

< Lf > =
E0

2
a2db

dt
+

2E0

a2

(
1 + a4b2

)
− E2

0

8πσ2
Z(a) +

E0

4

(
k2
x + k2

y

)
− E0

2

(
kx
dx0

dt
+ ky

dy0

dt

)
+

+
∑
m

δ(T −mt)E0e
−a

2

8

(
k sin(x0) + k sin(y0) + εe−

a2

8 sin(x0 + y0)

)
(III.41)

By proceeding as in Sec. (III.2.1) , but applying the variational principle to the

variables kx, ky, x0, y0, and a, we can find the time evolution of the gaussian Ansatz

• δ < Lf > /δx0:

dkx
dt

= 2
∑
m

δ(t−mT )e−
a2

8

(
k cos(x0) + εe−

a2

8 cos(x0 + y0)

)
(III.42)

• δ < Lf > /δy0:

dky
dt

= 2
∑
m

δ(t−mT )e−
a2

8

(
k cos(y0) + εe−

a2

8 cos(x0 + y0)

)
(III.43)

• δ < Lf > /δkx:

kx =
dx0

dt
(III.44)
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• δ < Lf > /δky:

ky =
dy0

dt
(III.45)

• δ < Lf > /δa:

d2a

dt2
=
∑
m

δ(T −mt)ae−
a2

8

(
k sin(x0)+k sin(y0) + 2εe

a2

8 sin(x0 + y0)

)
+

16

a3
− E0

2πσ2

∂Z

∂a

(III.46)

The variations in b is neglected since it would just recover Eq. (III.28) Integrating

the four equations above from mT + ε to mT + 1 + ε we get the following map for the

soliton’s parameter



kx = kx − 2e−
a2

8

(
k cos(x0) + εe−

a2

8 cos(x0 + y0)

)
ky = ky − 2e−

a2

8

(
k cos(y0) + εe−

a2

8 cos(x0 + y0)

)
x = x+ kxT

y = y + kyT

da(0)
dt

= da(T )
dt

+ ae−
a2

8

(
k sin(x0) + k sin(y0) + 2εe−

a2

8 sin(x0 + y0)

)
(III.47)

With a(t) being the solution of

d2a

dt2
=

16

a3
− E0

2πσ2

∂Z

∂a
(III.48)

III.3.1 Analysis of the chaotic map

While the evolution of the gaussian’s momentum and center of mass is described by

a variant of the standard map, the variation in the soliton’s waist can be considered

as an external noise source. The Jacobian matrix of the first four equations of the
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mapping is given by

J =



1 0 f(x0, y0) g(x0, y0)

0 1 g(x0, y0) f(y0, x0)

T 0 1 + Tf(x0, y0) Tg(x0, y0)

0 T Tg(x0, y0) 1 + Tf(y0, x0)



f(x0, y0) = 2e−
a2

8

(
k sin(x0) + εe−

a2

8 sin(x0 + y0)

)

g(x0, y0) = 2εe−
a2

4 sin(x0 + y0)

As expected det(J) = 1, which asserts that the mapping is Hamiltonian. By

means of the Benetin algorithm, we use the jacobian above to numerically determine

the Lyapunov exponents related to the soliton’s momentum and center of mass. Fig-

ure (III.4) shows the numerical values of these exponents for an increasing coupling

parameter ε. The solid lines shows the pure results and the dashed lines indicate ex-

ponents of the system for the approximation exp(−a2/8) = 1 i.e., in the fully classical

regime. Note that this approximation holds only for the high power regime where

the soliton’s waist are considerably small. For thin solitons, the chaos provenient

from variations in the soliton’s waist is small but still induces chaos in the system as

shown in Figure (III.5). This Lyapunov exponent is considerably smaller than the

others and does not play a relevat role in the diffusion, as variations in waist scale

with exp(−a2/8) in the gaussian’s momentum and center of mass.

For finding the gaussian’s waist related exponent we used the following formula

λ = limt→∞
1

t
ln

[
d(t)

d(0)

]
, (III.49)
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Figure III.4: Lyapunov expnents of the mapping related to the gaussian’s momentum
and center of mass for k = 1, T = 5.

where d(t) = a1(t) − a2(t) with a1 and a2 being the time series of the waist for

two different initial conditions. We have observed that 80 iterations were enough to

guarantee the convergence of the algorithm, and that the growth of λ with ε is nearly

quadratic. The importance of this particular exponent lies on the fact that the larger

the variations of the waist, the more the gaussian will radiate and thus, decrease the

total energy of the system. For small exponents the variations are negligible and the

system diffuses for long times. On the other hand for high values of λ the gaussian

will radiate and tend to suppress the diffusive energy growth of the rotor.
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Figure III.5: Largest Lyapunov Exponent for k = 1, T = 5.
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III.4 Quantum classical correspondence in the non-

linear kicked rotor

The main results we can extract from the chaotic map is that while soliton solutions

exist the nonlinear rotor behaves exactly like its classical counterpart, performing a

random walk ruled by a variant of the standard map. Thus, the apparently incon-

clusive graphics obtained in the end of the last chapter are simply single orbits of a

random-walk. From the classical rotor, we know that the diffusive growth is a result

of a long time average in a single chaotic orbit or equivalently, an ensemble over a

set of initial conditions of the system. By performing this average, we see that the

nonlinear rotor has an average diffusive growth Figure (III.6).
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Figure III.6: Each of the curves above is an average over an ensemble of initial
conditions of the soliton. In this figure k = 1 and T = 5.

The ratio between the classical and the quantum chaos parameter of the random-

walk is

Kq/Kcl = e−a
2/8. (III.50)

For thin solitons the exponential term in the equation above can be neglected and

the classical and quantum diffusion coefficients are equal. Even in the case of thick

solitons the energy growth of the nonlinear rotor is still diffusive but with a smaller
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proportionality coefficient. It is important to stress though that the thicker the soli-

ton, the more the wavefunction is unstable and thus the soliton has a short lifetime.

Figure (III.6) also evidences that the rate of diffusion of the nonlinear rotor is

considerably higher than the linear one for non-null values of ε. In Table (III.1) we

compute the diffusion coefficient of the linear and nonlinear rotor. Note that the

higher the coupling, the more the nonlinear diffusion coefficient approaches the lin-

ear one, as a result of the linearization process previously discussed. The enhanced

mobility of the system through soliton wave-particles has important implications on

the conduction properties of nonlinear disordered systems, such as a nonlinear fiber.

Table III.1: Comparison between the diffusion coefficient for the linear (KL) and
nonlinear (KNL) rotor

ε KNL/KL

0.6 873%
0.8 692%
1.2 262%
1.5 155%

We conclude this chapter by stating that the nonlinear rotor carries both principles

from classical and quantum mechanics, due to the soliton wave-particle behavior.

While the soliton’s momentum and center of mass tends to perform a random-walk

dictated by the classical equivalent of the problem, the noise provenient from the waist

tends to destroy the soliton and restore localization properties. This is corroborated

by the results obtained in Sec. (II.3.2), where we have observed a linearization of the

process for strong kicks.



Chapter IV

Experimental Realization of the

2-D Kicked Rotor in a dipolar BEC

A Bose Einstein Condensate provide an unique experimental environment for the

study of several quantum mechanical phenomena e.g., Anderson Localization, po-

laritons, superfluidity, among others. The interparticle interactions in a BEC are

driven by the magnitude of the the s-wave scattering length (as). At low tempera-

tures, a typical BEC has a very small as and the interactions occur in a very short

range. In this regime, interactions are weak and the BEC is described by the so called

Gross-Pitaevskii Equation (GPE).

The further development on Feshbach Resonance techniques in a BEC, provided

a powerful experimental tool to control the s-wave scattering length, allowing then

the study of long range interactions in a BEC. In recent years, dipolar interactions

driven by an external electric or magnetic field in a BEC were vastly explored, due

to its possible applications in quantum computing and utracold chemistry. In the

context of solitons, the dipolar BEC is particularly interesting in a 2/3-D model, as

it stabilizes soliton solutions as a result of the interplay between contact and dipolar

interactions [?].
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In this chapter we propose a possible experimental realization of the Kicked Rotor

in a 2-D dipolar BEC. At this point we will have to change the type of nonlocal

nonlinearity used so far to a one suitable with a dipolar BEC. It is important to

remark that such a change by no means invalidate all the general results previously

discussed. A quick look on the chaotic map derived for the soliton, shows that by

changing the nonlinearity, only the evolution of the waist of the soliton in time is

affected, as long as the solitons solutions still exists. Thus, all we have to do in this

chapter is to find an optimal regime where the soliton solutions survives under after

a certain number of kicks.

IV.1 The Dipolar BEC

Despite the contact interaction that is always present, other interactions in a BEC

vary from the species of atom taken into account. One example, is the long range

dipolar interaction. To generate a Dipolar BEC, the magnetic (or electric) moment m

of the constituent atoms have to be large, and this explains why dipolar interactions

were neglected in the first realization of a BEC with alkali atoms. In 2005 Griesmaier

et al., produced the first Chromium-52 BEC (m = 6µB, with µB being the Bohr

magneton), where dipolar interactions plays an important role.

Mathematically, the dipole-diopole interaction in a BEC between two atoms with

magnetic momentum m1 and m2 is described by the usual potential

Vd(r) = −µ0

4π

3(m1 · r̂)− (m1 ·m2)

r3
. (IV.1)

We suppose an external magnetic field of the form respectively.

B(t) = B

[
cosφẑ + sinφ

(
cos(Ωt)x̂+ sin(Ωt)ŷ

)]
(IV.2)
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applied to a 2-D cylindrically symmetric BEC, with radial and and axial trapping

frequencies being wr and wz respectively. The angle φ controls the orientation of the

dipoles in relation to the z-direction. The frequency Ω is tuned in such a way that

wLarmor = mB/~ >> Ω >> wr, wz ,sos the atoms will follow the magnetic field B(t).

For these values of Ω, Eq.IV.1 can be averaged in time and we have

Vd(r) = gd
1− 3 cos2 θ

r3
r̂, (IV.3)

with gd = αNd2/4πε0, and θ being the angle of the vector joining the interacting

particles and the dipole interactions. The factor α can be experimentally tuned from

-1/2 to 1 by varying the direction φ in the z-component of the external magnetic field.

Note that the sign of α determines if the interaction is attractive or repulsive.

Before the release of the harmonic trap (U(−→r ) = mw2
zz

2/2) the BEC is described

by the equation

i~
∂

∂t
ψ(r, t) =

[
− ~2

2m
∇2 +U(r)+g|ψ(r, t)|2 +

∫
dr′Vd(r−r′)|ψ(r′, t)|2

]
ψ(r, t) (IV.4)

where g = 4π~2asN/m is the contact interaction, We define the variable lz =
√
~/mwz,

which is related to the size of the trapping in the z-dimension. As we shall see, the

size of the condensate naturally scales with the factor lz. When the harmonic trap

is released, the z-component of the wave function (γ(z)) is fixed to the ground state

of the trapping potential, and the BEC wavefunciton can be factorized in the form

ψ(−→r ) = ψ(
−→
rho)γ(z). Thus, Eq.IV.4 assumes the following 2-D form

i~
∂ψ(ρ, t)

∂t
=

[
− ~2

2m
∇2
ρ +

g√
2πlz
|ψ(ρ, t)|2 +

4
√
πgd

3
√

2lz

∫
dkρ

(2π)2
eikρ.ρh

(
kρlz√

2

)]
ψ(ρ, t).

(IV.5)

By defining the dimensionless variables g = ĝ~wzl3z/2, gd = ĝd~wzl3z/2 and rescaling
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ρ′ = ρ/lz, t
′ = twz/2, Eq.IV.5 can be conveniently rewritten as

i
∂ψ(ρ′, t)

∂t′
=

[
−∇′2+

∫
dk′ρ′

(2π)2
eik
′.ρ′F

(
|ψ(ρ′, t)|2

)(
ĝ√
2π

+
4
√
πĝd

3
√

2
h(|k′/

√
2)

)]
ψ(ρ′, t),

(IV.6)

with F being the fourier transform, and the kernel of the dipolar interaction is given

by h = 1−
√
πkρexp(k

2
ρ)erfc(kρ) [65]. The equation above is particularly interesting

as it has an interplay between focusing ĝ and a defocusing term ĝd. Both of these

parameters can be experimentally tuned by using Feshbach Resonances techniques.

For a particular range of ĝ and ĝd, Eq.IV.6 allow soliton solution to exist [64]. The

equation above is dimensionless, and can be numerically integrated. In the next sim-

ulations, we had used a numerical scheme based on the Split-Step Fourier Algorithm

as detailed in Chapter 2. In fact, we just have to change few lines of our code in order

to account for the dipolar nonlinearity instead of the diffusive one.

IV.2 Numerical Results

We have observed that as previously predicted, the change from the diffusive to the

dipolar nonlinearity does not implies in great changes in our model. In Fig. (IV.1),we

show that the energy pattern of the rotor performs a random-walk as already described

in Chapter 2. Figure (IV.2) shows that the soliton do not decay, and remains mostly

with a constant amplitude. The ratio between the local and dipolar interactions was

chosen to be g/gd = −0.5. In this regime, we have observed the formation of a soliton

with a waist of 0.3 and amplitude of 11.2.

The numerical results presented in this Chapter indicates that a dipolar Bose

Einstein Condensate is suitable for an experimental realization of the model studied

throughout this thesis. It is important to highlight though that the main experimental

challenge up to date is to increase the coherence length of the disorder potential, in

order to be possible to realize the kicked rotor in a multidimensional matter-wave
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(a) (b)

(c) (d)

Figure IV.2: Cross section of the profile of a soliton in a Dipolar BEC for t=0 (a),
t=2 (b), t=6 (c) and t=10 (d). The grid has an x,y length of 4π and a resolution
of 256. The total time is 10 and the time resolution is 1000. The parameters of the
Rotor are: k = 0.6, ε = 0.02 and T = 1. The soliton has a waist of 0.3 and an
amplitude of 20.2. The dipolar BEC is characterized by ĝ/ĝ = −0.5.



Chapter V

Conclusion

Studying the dynamics of a multidimensional coupled quantum kicked rotor with

the presence of a nonlinearity, we could trace a clear relation between the nonlinear

quantum and the classical kicked rotor. We have observed that the nonlinearity has

a major impact on the energy diagram for a range of parameters suitable for the

existence of solitons. As shown in Chapter 2, the energy curves becomes irregular,

dependent on the initial conditions of the gaussian, and do not show an asymptotic

growth with the coupling between the dimensions ε.

In Chapter 3 we interpreted the data presented in Chapter 2 by mean of a varia-

tional approach, which has shown to be reliable as numerical and theoretical results

agreed with a good precision. Through this approach, we have shown that the soli-

ton’s momentum and center of mass performs a random-walk that follows a variant

of the standard map. The other source of chaos was provenient from the variations

in the soliton’s waist, which adds a noise source to the system. This led us to con-

clude that while soliton waves exist, the kicked rotor induces the soliton to performs

a random-walk, recovering the classicality of the system. In this case Anderson local-

ization is always broken and by doing first a quantum average, and then a long time

average, we have observed that on average the energy of the rotor is diffusive.
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To better understand the full chaotic map derived in Chapter 3, we studied the

Lyapunov exponents of the system in relation to the coupling parameter. This analysis

has shown that the Lyapunov exponent provenient from the soliton’s momentum and

center of mass was in good agreement with the classical exponent. On the other hand

the Lyapunov exponent from the waist variation was shown to be small but always

positive and growing quadratically with the coupling parameter. The importance of

this particular Lyapunov exponent is to act as a noise source, which tends to destroy

the soliton when the exponent is large enough. Note that when the solitons decay,

the nonlinearity becomes negligible and the system behaves linearly i.e., recovering

Anderson localization. Thus we can interpret the random walk of the soliton as

its classical particle-like property. On the other hand, the waist’s noise tends to

restore localization showing the quantum wave-like behavior of the soliton. This

analysis evidences the wave-particle behavior of solitons that unites concepts from

both quantum and classical mechanics.

Besides the quantum-classical correspondence, we also have demonstrated that

the nonlinearity greatly enhances the diffusion of the system, what has important

consequences such as in the conduction of a nonlinear fibre. In order to conclude

this, we have compared the linear and the nonlinear rotor for values of ε above the

threshold necessary for breaking the Anderson localization in the linear case.

Finally in Chapter 4 we have changed the nonlinearity in order to propose an

experimental realization of the nonlinear kicked rotor in a dipolar BEC. We have

found a range for the ratio ĝ/ĝd where solitons are stable, providing then a perfect

environment for the realization of the nonlinear rotor. As expected, the use of the

dipolar nonlinearity has not changed the general behavior of the soliton. This is due

to the fact that both nonlinearities have a positive Fourier spectra.
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